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Abstract. Let R = ©,j>o Rn be a noetherian connected graded domain of 
Gelfand-Kirillov dimension 3 over an uncountable algebraically closed field. 
Suppose that the graded quotient ring of R is of the form 

where i^" is a field; we say that ij is a birationally commutative projective sur- 
face. We classify birationally commutative projective surfaces and show that 
they fall into four families, parameterized by geometric data. This generalizes 
work of Rogalski and Stafford on birationally commutative projective surfaces 
generated in degree 1; our proof techniques are quite different. 
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1. Introduction 

The classification of noncommutative projective surfaces — connected N-graded 
noetherian domains of Gelfand-Kirillov dimension 3 — has been one of the major 
motivating problems in noncommutative ring theory over the past two decades. 
In this paper, we resolve an important special case of this problem, classifying 
birationally commutative projective surfaces. 

We begin with some terminology. We work over an uncountable algebraically 
closed field k. An N-graded algebra R is connected graded if Rq — k. Let R be 
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a connected N-graded noetherian domain. Its graded quotient ring is then of the 
form 

Q.^,{R)^D[z,z-^-a], 

where I? is a division ring and a is an automorphism of D. By abuse of terminology, 
we refer to D as the function field of R. If 13 is a (commutative) field, we say that R 
is birationally commutative. If i? has GK-dimcnsion 3, we say that i? is a birationally 
commutative projective surface. 

In this paper, we classify birationally commutative projective surfaces up to tak- 
ing Veronese subrings. We show that they occur in four families, and give geometric 
data defining them. Our results generalize (and give new proofs of) results of Rogal- 
ski and Stafford |RS06j on birationally commutative projective surfaces generated 
in degree 1. 

Birationally commutative algebras have been fruitful objects of study in noncom- 
mutative ring theory for a number of years. The fundamental example is the twisted 
homogeneous coordinate ring construction of Artin and Van den Bergh [AV90| . Let 
X be a projective variety, let a 6 Aut(X), and let C be an appropriately positive 
invertible sheaf on X . (The technical term is that C is a-ample; for a more precise 
definition, see Section [51) For notational purposes, let 

C cr*C, 

and let 

The twisted homogeneous coordinate ring B{X, C, a) is defined as the section alge- 
bra of the twisted powers £„ of C. That is, 

B{X,C,a) :=0i/"(X,/:„). 

n>0 

Multiplication on B{X,C,a) is induced from the product 

For a concrete example, let r : ^ be defined by t{[x : y\) = [x : x + y\. Then 
B{^^ , 0(1), r) is isomorphic to the Jordan plane 

y] Hx, y)l (xy - yx - x'^). 

By |KeeOO| Theorem 1.2], if C is ample and a e Aut°(A:), then B{X,C,cr) is a 
birationally commutative noetherian domain of GK-dimension dim X + 1. 

Not all noetherian birationally commutative domains are twisted homogeneous 
coordinate rings. For example, let X, C, a be as above, and let Z he a proper 
subscheme of X, defined by an ideal sheaf T. In |Sie08j . the author studied the ring 

(1.1) R:^ R{X,£,<^,Z) :=k©0il"(X,I/:„) CS(X,£,a). 

n>l 

Note that R>i is a right ideal of B{X, C, c). Under relatively mild conditions on a 
and Z, R is the idealizer of this right ideal: the maximal subring of B{X, £, a) in 
which i?>i is a two-sided ideal. 

When R{X, C, a, Z) is noetherian is understood. It depends on a geometric 
condition on the motion of Z under a, known as critical transversality: roughly 
speaking, a and Z should be in general position. 
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Definition 1.2. Let X be a variety, let a E Ant{X), and let Z be a closed sub- 
scheme of X. Let A C Z. The set {a"'{Z)}neA is critically transverse if, for all 
closed subschemes Y oi X, we have for all but finitely many n E A that 

Torf{OY,O,.^z))=0 

for i > 0. 

If Z is a point, then {a"Z} is critically transverse exactly when it is critically 
dense: it is infinite, and any infinite subset is Zariski-dense. 
Recall: 

Theorem 1.3. |Sie08[ Theorem 1.8]) // {o-"Z} is critically tran sverse, then the 
idealizer R{X, C, a, Z) is noetherian. □ 

For example, let B := B{¥^ ,0{1),t) as above, and assume that chark ~ 0. 
Then the subring 

k + yB 

is equal to i?(P^, 0(1), t, [1 : 0]). That it is noetherian follows from Theorem 11.31 
this result is originally due to Stafford and Zhang |SZ94l Example 0.1]. 

By Artin and Stafford's remarkable classification of noncommutative projective 
curves, we have now seen all the classes of noetherian connected graded domains 
of GK-dimension 2. 

Theorem 1.4. f [AS95| ) Let R be a noetherian connected N-graded domain of GK- 
dimension 2. Then some Veronese subring of R is either: 

(1) a twisted homogeneous coordinate ring B{X, C, a) for some projective curve 
X, automorphism a of X , and a-ample invertible sheaf C on X; or 

(2) an idealizer R{X, C, a, Z), where X, C,a are as above, and Z is a proper 
subscheme of X , supported at points of infinite order. □ 

In this paper, we consider noetherian finitely N-graded domains of GK-dimension 
3, and classify those that are birationally commutative. We show that these also 
depend on geometric data, although, not surprisingly, the data is more compli- 
cated than that of Theorem 11.41 Besides twisted homogeneous coordinate rings 
and idealizers in them, another large class of birationally commutative projective 
surfaces are the naive blowup algebras, as constructed in KRS05J (and generalized 
in [RS07] V 

To construct a nai've blowup algebra, begin as usual with a projective surface 
X, an automorphism a oi X, and a cr-ample invertible sheaf C on X. Also choose 
a point P E X (or more generally, let P be a 0-dimensional subscheme of X). Let 
2" = Ip be the ideal sheaf of P. Then we may form a ring 

(1.5) S{X,C,a,P) :-0i7°(X,X2:^...X'^""/:„), 

n>a 

which we refer to as a naive blowup of X at P. The construction of S{X, C, a, P) 
mimics the construction of a commutative blowup as a Rees ring: we are taking 
(sections of) higher and higher successive powers of the ideal defining P, using the 
multiplication in the twisted homogeneous coordinate ring B{X, C, a). 

As with idealizers, the properties of the naive blowup S{X, £, cr, P) depend on the 
geometry of the orbits {a"'P}nez- In particular, the algebra is noetherian exactly 
when this set is critically transverse. 
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Theorem 1.6. ( |RS07| Theorem 1.1], |Sie09t Proposition 4.12]) Let X be a pro- 
jective variety, let a G Ant{X), and let C be a a -ample invertible sheaf on X . Let 
P be a 0- dimensional closed subscheme of X . The ring S{X, C,a, P) is noetherian 
if and only if all points of P have critically dense orbits. □ 

Rogalski and Stafford |RS06| have classified all birationally commutative projec- 
tive surfaces that are generated in degree 1 . It turns out that twisted homogeneous 
coordinate rings and nai've blowups are the only two types of rings that occur. 

Theorem 1.7. ( [RS06[ Theorem 1.1]) If R is a birationally commutative projective 
surface that is generated in degree 1, then up to a finite- dimensional vector space 
R is either: 

(1) the twisted homogeneous coordinate ring of a projective surface; or 

(2) the naive blowup of a projective surface at a 0-dimensional subscheme sup- 
ported on points that move in critically dense orbits. □ 

We note that Rogalski and Stafford consider a slightly more general class of 
rings than our noncommutative projective surfaces. They study finitely N-graded 
noetherian domains R whose graded quotient ring is of the form 

where K = k{X) is the function field of a projective surface X such that a induces 
an automorphism of X. By |Rog07[ Theorem 1.1], any such R has GK-dimcnsion 3 
or 5, and any birationally commutative domain of GK-dimcnsion 3 that is generated 
in degree 1 is of the form considered in [RS06j . See Section [TO] for more discussion 
of the GK-dimension of noncommutative surfaces. 

The hypothesis in Theorem 11.71 that R be generated in degree 1 seems overly 
restrictive; note that in contrast with the commutative case, there are many non- 
commutative noetherian graded rings that have no Veronese subring generated in 
degree 1. (For example, the idealizers in (jl.ip have this property.) We are able to 
remove this restriction and give a complete classification of birationally commuta- 
tive surfaces, using methods that are quite different from the proof of Theorem 1 1.71 
Besides idealizers, nai've blowups, and twisted homogeneous coordinate rings, one 
new type of ring arises; we refer to these as ADC rings. These are a generalized 
form of nai've blowup, with many similar properties and some important differences 
— notably, these algebras may not have any Veronese generated in degree 1. (For 
more discussion of ADC rings, see [Sie09j .) 

We obtain: 

Theorem 1.8. Let R be a connected N-graded birationally commutative noetherian 
domain of GK-dimension 3. Then some Veronese subring of R is either: 

(1) the twisted homogeneous coordinate ring of a projective surface; 

(2) a naive blowup or ADC ring on a projective surface; or 
(1'), (2') an idealizer inside a ring of type (1) or (2). 
Further, all defining data is critically transverse. 

We wish to state Theorem 11.81 more precisely. To do so, we recall some termi- 
nology from |Sie09| . We say that the tuple D = {X, C, a. A, V, C, ft) is surface data 
if: 

• X is a projective surface; 

• (7 is an automorphism of X; 
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• £ is an invertible sheaf on X; 

• f2 is a curve on X; 

• V is the ideal sheaf of a 0-dimensional subscheme of X such that all points 
in the cosupport of T) have distinct infinite cr-orbits; and 

• A and C are ideal sheaves on X, cosupported on 0-dimensional subschemes 
consisting of points of infinite order, such that 

(1.9) InAC C V. 

Let Z be the scheme defined by V, let A be the scheme defined by A, and let A' be 
the scheme defined by C. The surface data D is transverse if: 

• £ is fj-ample; and 

• {cr"Z}„gz, {cr"A}„>o, {cr"A'}„<o, and {cr"ri}„£z are critically transverse. 
Given surface data D = (X, £, c, 2?, C, fi), we define sheaves 7^ by setting 

To:=Ox and 

T„ := Jo^P'^---2?"""'C'^"£« 
for n > 1. We define an algebra r(D) associated to D by 

r(D) :=0ijO(x,r„). 

n>0 

Our main result is: 

Theorem 1.10. Let k be an uncountable algebraically closed field and let R be a 
birationally commutative projective surface overh. Then there is transverse surface 
data B so that some Veronese of R is isomorphic to T(D). 

We compare Theorem O and Theorem OUl Let © = {X,C,a,A,V,C,n) be 
transverse surface data. Let A' ^ InA and C 3 C be maximal so that 

A!C' C V. 

Let 

E := (X,/:,CT,^',2?,C',0). 
The algebra r(E) is called an ADC ring; of course, if I? = Ox then r(E) is just 
the twisted homogeneous coordinate ring B{X, C,(j). It turns out that T(D) is a 
left idealizer inside a right idealizer inside T(E). 

By enumerating the possible types of birationally commutative surfaces. The- 
orem (LTU] has important applications. For example, there are strong restrictions 
on the behavior of the Artin-Zhang x conditions (see Section [TO]) for birationally 
commutative projective surfaces. 

Theorem 1.11. Let k be an uncountable algebraically closed field and let R be 
a birationally commutative projective surface over k that satisfies left or right X2- 
Then some Veronese subring of R is a twisted homogeneous coordinate ring, and R 
satisfies x- 

The main difficulty in proving both Theorem II . 1 01 and Theorem II. 71 is construct- 
ing the classical projective surface X that is associated to a given birationally com- 
mutative projective surface R. Rogalski and Stafford prove Theorem 11.71 through 
a delicate analysis of a certain class of modules, called point modules over R. This 
is quite difficult because for nai've blowups such modules are parameterized by an 
infinite series of projective schemes but not by any individual projective scheme; 
see |KRS05[ Theorem 1.1]. In contrast, in the proof of Theorem II. 101 we construct 
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the surface X much more directly, through a method of successive approximations 
of the "correct" surface. While there are technical issues involved in this proof, 
most of them are involved with showing that this method does, in fact, lead to an 
appropriate projective surface, and the actual construction is relatively straightfor- 
ward. 

As mentioned, the classification given in Theorem ll.Sl is more complex than the 
classification of curves in Theorem 11.41 Note that a connected N-graded domain 
of GK 2 is automatically, by Theorem ll.41 birationally commutative. For surfaces, 
this requires an additional assumption. In fact, the full birational classification 
of noncommutative projective surfaces is still unknown, although there is a long- 
standing conjecture due to Artin. Artin's conjecture may be phrased as: 

Conjecture 1.12. f |Art95[ Conjecture 4.1]) If R is a noncommutative projective 
surface, then its function field is either: 

(1) afield of transcendence degree 2 (birationally commutative); 

(2) a division ring finite- dimensional over a central field of transcendence degree 
2 (birationally PI); 

(3) the full quotient division ring of an Ore extension K[x;a,S], where K is a 
field of transcendence degree 1 (a "quantum ruled surface"); or 

(4) D{E, a), the function field of the Sklyanin algebra Skl3(i?, a) for some elliptic 
curve E and automorphism a of E (a "quantum rational surface"). 

Theorem 11.101 resolves the classification of noncommutative surfaces falling into 
case (1) of Artin's conjecture. We note that Artin's original formulation of Conjec- 
ture [TTT2] assumed much stronger technical conditions on the rings under study; it is 
interesting that these assumptions are not necessary to understand the birationally 
commutative case. 

Since Theorem 1 1.1 01 is our main result, its proof takes up much of this paper. We 
briefiy summarize the organization of the paper here. One of our main techniques 
will be to work, not with an algebra i?, but with an associated quasicoherent sheaf 
TZ on some projective surface. This sheaf is known as a bimodule algebra. We 
give necessary background on bimodule algebras and some other technical terms 
in Section [2] In Sections [SHH] we construct surface data D — (X, £, tr, yl, P, C, ^2) 
associated to R. This gives an approximation to i?, and in fact we show that T(D) is 
a finite left and right module over a Veronese of R. The surface X is always normal, 
and T(D) is best thought of as some sort of normalization of R. In Section [7l we 
show that D is actually transverse. In Section [HI we construct a finite birational 
morphism 9 : X ^ Y , a,n action of (/> on Y conjugate to cr, and a (/(-ample invertible 
sheaf on Y so that (some Veronese of) R is contained in B(Y,M, cj)). In Section [5] 
we prove a general result giving sufficient conditions for a subring of some algebra 
T(E) to be equal to T(E) in large degree. Finally, in Section [10] we show that there 
are ideal sheaves E, and Q and a curve $ on F so that D' = (F, tVI, 0, f , T , Q, $) 
is transverse surface data and so that some Veronese of R is isomorphic to T(D'). 
This proves Theorem 11.101 and Theorem 11.81 we also prove Theorem 11.111 

Acknowledgements. The results in this paper were part of my Ph. D. thesis 
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2. Notation and background 

Throughout, we let k be a fixed uncountably algebraically closed field; all schemes 
are of finite type over k. 

Given a birationally commutative projective surface R, we seek to produce asso- 
ciated geometric data. One of our key techniques will be to work, not with a graded 
ring, but with a bimodule algebra on some projective scheme X. In this section, 
we give the relevant definitions and notation for bimodule algebras. Most of the 
material in this section was developed in |Van96j and [AV90| . Our presentation 
follows that in |KRS05j and [SieOS] . 

A bimodule algebra on a variety X is, roughly speaking, a quasicoherent sheaf 
with a multiplicative structure. 

Definition 2.1. Let X be a projective variety; that is, a projective integral sep- 
arated scheme (of finite type over k). An Ox-bimodule is a quasicoherent Oxxx- 
module J-', such that for every coherent J-'' C J^, the projection maps pi,P2 '■ 
SuppJ-'' — > X are both finite morphisms. The left and right Ox-module structures 
associated to an O^-bimodule T are defined respectively as {pi)*J- and {p2)*T. 
We make the notational convention that when we refer to an Ox-bimodule simply 
as an Ox-module, we are using the left-handed structure (for example, when we 
refer to the global sections or higher cohomology of an Ox-bimodule). 

There is a tensor product operation on the category of bimodules that has the 
expected properties; see |Van96| Section 2]. 

All the bimodules that we consider will be constructed from bimodules of the 
following form: 

Definition 2.2. Let X be a variety and let cr, r G Aut{X). Let (ct, r) denote the 
map 

X ^X xX 
X ^ t{x)). 

If is a quasicoherent sheaf on X , we define the Ox-bimodule ^J't to be 

If cr = 1 is the identity, we will often omit it; thus we write J-r for i.7> and J- for 
the Ox-bimodule iJ-i = A*J^, where /S. : X ^ X x X \s the diagonal. 

Definition 2.3. Let X be a variety and let a G Aut(X). An Ox-bimodule TZ is an 
Ox-bimodule algebra or bimodule algebra if it is an algebra object in the category 
of bimodules. That is, there are a unit map 1 : Ox Ti and a product map 
: TZ^TZ ^ TZ that have the usual properties. 

We follow |KRS05| and define 

Definition 2.4. Let X be a variety and let a G Aut{X). A bimodule algebra TZ is 
a graded [O x , o-) -bimodule algebra if: 

(1) There are coherent sheaves TZn on X such that 

(2) 7^o = Ox; 
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(3) the multiplication map /i is given by Ox-module maps TZn Ti-m TZn+m, 
satisfying the obvious associativity conditions. 

Definition 2.5. Let X be a variety and let a e Aut{X). Let TZ he a. graded 
{Ox, (T)-bimodule algebra. A right TZ-module is a an Ox-bimodulc Ai together 
with a right Ox-module map /i : Al ® 7?. — + satisfying the usual axioms. We 
say that Ai is graded if there is a direct sum decomposition 

M = 0(A^„).. 

with multiplication giving a family of Ox-module maps A4„ ® TZ^ -^n+m, 
obeying the appropriate axioms. 

We say that A4 is co/iereni if there are a coherent Ox-module M' and a surjective 
map A4' i^TZ ^ A4 of ungraded Ox-modules. We make similar definitions for left 
7^- modules. The bimodule algebra TZ is right (left) noetherian if every right (left) 
ideal of TZ is coherent. By standard arguments, a graded (Ox, cr)-bimodule algebra 
is right (left) noetherian if and only if every graded right (left) ideal is coherent. 

If 7?. is a graded (Ox, cr)-bimodulc algebra, we may form its section algebra 

i/"(x,7^) = 0i^°(x,7^„). 

ri>0 

Multiplication on H'^ {X, TZ) is induced from the multiplication map ^ on TZ; that 
is, from the maps 

H'\X,TZ,,) ® H''{X,TZ,n) H"iX,TZn) ® ffO(X,7e-") H0(X,7e„+™). 

We recall that ampleness is a key concept when working with bimodule algebras. 

Definition 2.6. Let X be a projective variety, let a G Aut(X), and let {7^„}„gN 
be a sequence of coherent sheaves on X. The sequence of bimodules {(7^n)CT" }neN 
is right ample if for any coherent Ox-module the following properties hold: 

(i) (g) TZn is globally generated for n » 0; 

(ii) mix, 7^„) = forn > and aU q > 1. 

The sequence {{TZn)a"}neN is left ample if for any coherent Ox-module the 
following properties hold: 

(i) TZn <8 is globally generated for n 0; 

(ii) m{X, 7^„ (g) J-'"") = forn > and all q>l. 

We say that an invertible sheaf £ is a-ample if the Ox-bimodules 

form a right ample sequence. By [KeeOO', Theorem 1.2], this is true if and only if 
the Ox-bimodules {{Cn)(j^}n&i form a left ample sequence. 

The fundamental example of a bimodule algebra is as follows. 

Example 2.7. Let X be a projective scheme, let a G Aut(X), and let C be an 
invertible sheaf on X. We define the twisted bimodule algebra of X , C, and a to be 

B:=B{X,C,a) :=0(/:„),„. 

n>0 

Then B is an (Ox , o')-graded bimodule algebra. Taking global sections of B{X, £, a) 
gives the twisted homogeneous coordinate ring B{X, £, a). 
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All the bimodule algebras that we consider in this paper will be sub-bimodule 
algebras of twisted bimodule algebras. 

Let D = {X, C, a, A,T>,C,il) be surface data, as defined in the Introduction. 
Then one may form a bimodule algebra 

r(©) 0(T„).„ 

r!>0 

where % Ox and 

The ring T(D) from the Introduction is just the section ring of T(D). 

The algebras T(D) are studied in the companion paper [Sie09| . in slightly greater 
generality. The surface data defined here is known in that paper as surface data of 
exponent 1. We also caution that in |Sie09| . we allow B to be transverse surface 
data if C is not cr-ample. We note that if D is transverse surface data, then T{Bi) 
may have GK-dimension 3 or 5, since twisted homogeneous coordinate rings on 
surfaces may have GK-dimension 3 or 5. 

We recall the main result of [Sie09j : 

Theorem 2.8. ( jSieOQl Theorem 4.13]) Let B = {X,C,cr,A,V,C,n) be surface 
data, where C is a-ample. Then the following are equivalent: 

(1) T(ID)) is noetherian; 

(2) TiW) is noetherian; 

(3) D is transverse. □ 

We will also use the following technical result from |Sie09j . 

Lemma 2.9. ( |Sie09| Lemma 3.8(2)]) Let B = {X, C, a, A, V, C, n) be surface data, 
and let T := T(D). Suppose that £ is a-ample, {a" fl} is critically transverse, and 
that all points in the cosupport of AVC have dense orbits. Then the sequence of 
bimodules {{Tn)^"} is left and right ample. □ 

If i? = i?„ is a graded ring, we denote the fc'th Veronese of R by i?^'^^ :— 
Rnk'i we use similar notation for graded bimodule algebras. 

3. Approximating birationally commutative surfaces in codimension 1 

Let i? be a birationally commutative projective surface with function field K. To 
prove Theorem ll.lOl we must construct surface data B that will correspond to R. 
We will approach the data D through successive approximations. In this section, 
we construct a smooth surface X, an automorphism a oi X, an effective curve 
on X, and a line bundle C on. X that capture some broad properties of the ring R. 
We refer to this data as approximating R in codimension 1. 

Since by assumption, the graded quotient ring of i? is isomorphic to K[z, z~^; cr], 
where <7 is a k-automorphism of K and K necessarily has transcendence degree 2, 
we begin with a birational class of surfaces and a birational self-map of each surface. 
The central problem in constructing the surface data B is to find the correct surface 
X within this birational class. This will occupy us for virtually all of the paper. 

We say that a £ K\xt^{K) is geometric if there is a projective surface X with 
K ~ k(A") such that a is induced by an automorphism of X. We call such a pair 
{X, a) a model for R. Not all automorphisms of fields of transcendence degree 2 have 
models; for example, by |DFOH Remark 7.3], the automorphism {x,y) ^ {x,xy) of 
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C{x,y) is not geometric. Fortunately, in our situation a result of Rogalski ensures 
that there is a model {X, a) for R. Results of Artin and Van den Bergh then allow 
us to get precise information on the numeric action of a. 

We define some terminology. If X is a projective scheme, we denote the group 
of Cartier divisors on X modulo numerical equivalence by NS(X). We say that the 
automorphism tr of X is numerically trivial if the induced action of a on NS(X) 
is trivial; that is, if aD = D for any Cartier divisor D on X, where = denotes 
numerical equivalence. We will say that an a is quasi-trivial if there is some integer 
r > so that is numerically trivial. 

Theorem 3.1. (Rogalski, Artin- Van den Bergh) Let K/k be a finitely generated 
field extension of transcendence degree 2, and let a G Autik(if). Then every lo- 
cally finite fi-graded domain R such that Qgr{R) ^ K[z, z~^;a] has the same GK- 
dimension d G {3,4, 5, c»}. Moreover, d £ {3,5} if and only if a is geometric, and 
d = 3 if and only if for any model (X, a) for R, the automorphism a is quasi-trivial. 

Proof. The first and second statements are |Rog07[ Theorem 1.1]. Now suppose 
that a is geometric, and let {X,a) be a model for R. Let P G 0(NS(X)) be 
the matrix giving the numeric action of a on NS(X). By |Rog07[ Theorem 7.1] 
and |Rog07[ Lemma 2.12], all eigenvalues of P have modulus 1; now by [AV90[ 
Lemma 5.3], the eigenvalues of P are all roots of unity. Let C be an ample invertible 
sheaf on X. Then |AV90[ Theorem 1.7] implies that £ is ti-ample, and that the 
GK-dimension of B{X, C, a), which is equal to d, is 3 if and only if a is quasi- 
trivial. □ 

Suppose that X and X' are birationally equivalent surfaces; let cr, respectively 
cr', be an automorphism of X, respectively X'. We say that a and a' are conjugate 
if there is a birational map tt : X' — > X so that ira' = air (as birational maps). 
Rogalski and Stafford note that it is an easy consequence of the existence of resolu- 
tions of singularities for surfaces (see |Lip69| ) that any geometric automorphism of 
a field of transcendence degree 2 is conjugate to an automorphism of a nonsingular 
surface. 

Lemma 3.2. ( [RS06[ Lemma 6.2]) IfK is a finitely generated field of transcendence 
degree 2 overk. and a € Autk(if) is a geometric automorphism of K, then there is a 
nonsingular surface X with k(X) = K such that a is induced from an automorphism 
of X . In particular, if a birationally commutative projective surface has a model, 
it has a nonsingular model. □ 

We now establish notation for some geometric data determined by R. If X is 
a projective variety and V <Z K — h{X) is a finite-dimensional k-vector space, we 
will denote the coherent subsheaf of the constant sheaf K on X generated by the 
elements of V by 

V-Ox- 

Since R has GK-dimension 3, Theorem 13.11 implies that there is a model {X,a) 
for R. By Lemma 13. 2| we may also, if we choose, assume that X is nonsingular. 
Replacing R by an appropriate Veronese subring, we may assume that Ri ^ 0. 

Assumption-Notation 3.3. We assume that R is a birationally commutative 
projective surface with Ri ^ Q. Let K be the function field of R and let {X,a) be 
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a model for R. Fix z G i?i. For all n > 0, we define Rn ■= Rn ■ z " C K , so 
that 



n>0 



Let Unix) -.^R^-Ox- 



Example 3.4. Before beginning to work with our noncommutative ring i?, suppose 
for a moment that R — lk[x, j/, z]. We know, of course, that R = i?(P^, 0(1), 1) = 
B(P^,C'(1)) and that = Proj i?. However, we cannot construct Proj i? directly 
using noncommutative techniques. Instead, we wiU construct the defining data 
(P^, 0(1)) from the graded pieces of R. 

The function field of i? is = k{x/z,y/z). Consider the model X = x 
for K, where we think of X as Proj of the bigraded ring k[s,f][u, u]. We will let 
s/t — x/z and u/v ^ y/z in K. 

Let Ri := Riz-^ C K. Then 

. X , y ^ , sv , tu , tv 
i?i=k--©k--®k = k- — ®k ®k-— . 

z z tv tv tv 

Let D be the divisor on X defined by the equation tv = Q. On X, the rational 
functions in Ri correspond to sections of Ox{F>) = 0(1, 1), and they generate 

-Ri - Ox =1[i:0]x[w](^x{F>). 

We win modify X by blowing up the base locus of C H°{X, Ox{D)). 

Let TT : X ^ X be the blowup of X at [1 : 0] x [1 : 0]. Let E = n'^{[l : 0] x [1 : 0]) 
be the exceptional locus of tt, and let Fi and F2 be the strict transforms of [1 : 0] xP^ 
and P^ x [1 : 0] respectively. Then Fi, F2 and E are the three (-1) curves on X, 
and on X, the rational functions in Ri generate the invertible sheaf 

£ := i?i • 0_^ = Oj^{Fi + F2+E)'^ TeO^{ti*D). 

One may check that R and the section ring B{X, C) are isomorphic. However, 
C is not ample. By the Nakai-Moishezon criterion [Har77[ Theorem V.1.10], the 
failure of ampleness of C is equivalent to the existence of an effective curve C so 
that {Fi+F2 + E).C < 0. One checks that {Fi+F2+E).Fi = {Fi+F2 + E).F2 = 0. 
That is, the curves Fi and F2 are contracted by the morphism defined by the base 
point free hnear system 'Ri C H'^ {X , O ^{Fi + F2 + E)) on X. The image of X 
under this morphism is, of course, P^, the "correct" model for R. 

We now return to the setting of a noncommutative projective surface R. We 
assume Assumption- Notation [?751 It is immediate that the biniodule 



^(^) ■■= 0(7^„(^))a" 

n>0 

is in fact a graded (Ojc, (T)-bimodule algebra, and of course R C iJ°(X, 72.(X)). 
While ultimately we wish to understand i?, our fundamental technique will be to 
approach R by analyzing the bimodule algebra TZ{X) on a suitable model {X,a) 
for R; to construct X, we will mimic the steps carried out in Example [ 
For all n > 0, let 7^„ := 7^„(X). We have 



(3.5) UnUC C 



■n+m 
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for all 71, m > 0. Since R is an afRne k-algebra, there is some r > 1 such that for 
all n > r we have: 

r 

(3.6) 7^„ = ^7^.Kl^■ 

i=l 

We introduce some notation and terminology on divisors associated to finite- 
dimensional vector spaces of rational functions; see [Laz04i Chapter 1] for a more 
detailed discussion. 

Definition 3.7. If X is a normal projective variety and / is a rational function on 
X, we will denote its associated Weil divisor by divjc(/), or div(/) if X is under- 
stood. We note that if ct £ Aut(X) and / e k(X), then divx(/'') = a-'^divxif)- 
For any finite dimensional k-vector space V 'Z K, and for any normal projec- 
tive model X for K, let D^{V) be the minimal Weil divisor D on X such that 
divx(/) + 1? > for aU / e V. That is, OxiD^iV)) is canonically isomorphic to 
the double dual {V -Ox)**- 

Now suppose that X is an arbitrary projective variety and let K = 'k{X). 
Let _D be a Cartier divisor on X. We will denote the complete linear system 
H°{X, Ox{D)) associated to D by \D\. Since Ox{D) is by definition a subsheaf of 
the constant sheaf K, elements of \D\ are rational functions on X. 

Let V C K he a. finite-dimensional k-vector space. Note that V may be contained 
in many complete linear systems. If C \D\ for some Cartier divisor D, we define 
the image of the natural map 

V(g)Ox{-D) ^ Ox 

to be the base ideal of V with respect to D. The closed subscheme of X that it 
defines is called the base locus of V with respect to D. We write it Bs^(V^). If 
{V ■ Ox)** is an invertible sheaf, then it corresponds to an effective Cartier divisor 
D with V C \D\. This is the minimal such D, and in this situation we refer to the 
base ideal (respectively base locus) of V with respect to D simply as the base ideal 
ofV (respectively, the base locus ofV). We write the base locus of V as Bs(F). 

If the base locus of the complete linear system is empty, so Ox{D) is globally 
generated, we say that D and \D\ are base point free. 

If X is nonsingular or X is normal and D^iV) is Cartier, then the base ideal 
and base locus of V are always defined. Note that in either situation, the base locus 
of V has codimension at least 2. 

Lemma 3.8. Let X be a normal surface and let K := k{X). Let g G Aut(X), and 
let V,W ^ K be finite- dimensional k-vector spaces. 

(1) D^{VW) = D^{V) + D^{W). 

(2) For every n, D^iV") = a-"{D^{V)). 

Proof. (1) For any f ^ V and g ^ W, we have 

divxifg) + D^'iV) + D^'iW) = divxif) + divx{g) + D^'iV) + D^(VF) > 0, 
and so 

(3.9) D^{V) + D^{W) > D^iVW). 

Now fix / e F. For any g£W,we have (VW) divx(/) + divx(g) > 0. Thus 
D^(yW) -\- divxif) > D^{W). As this holds for any f eV,we obtain that 

(3.10) D^iVW) - D^{W) > D^{V). 
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Combining (13. 9p and (I3.10p . we have proved (1). 

(2) is a consequence of the equahty divx(/°^) = cr^^divx(/)- □ 

Let {X, a) be a normal model for R. We can now define data that determine R 
in codimcnsion 1, as follows. 

Assumption-Notation 3.11. Assume that R is a birationally commutative pro- 
jective surface with Ri ^ 0. Let K he the function field of R and let {X, a) he a 
normal model for R. Fix z ^ G -Ri. Let Rn '■— Rn • ^ " cind let TZn '■= TZn{X) := 
Rn ■ Ox for all n>0. 

For all n > 0, let D„ ^)^(7^„). Lf n < 0, let D„ := 0. Lf is Cartier for 
all n > 1 (for example, if X is nonsingular) , then for n > 1 we further let Z„ he 
the hase ideal of Rn and let Wn he the hase locus of Rn- 

The following purely combinatorial lemma is a restatement of results of Artin 
and Stafford on the combinatorics of divisors on smooth curves. 

Lemma 3.12. (Artin-Stafford) Let A = Z/(fc) for some k E Z (possihly k — 0). 
Let M he the free ahelian group on the generating set {Pi \ i G A\; define a partial 
order > on M hy saying that E >0 if E = '^UiPi where Ui > for all i. Define 
an automorphism a of M hy <j{Pi) = Pi+i- 

Suppose there is a sequence of elements {Ei \ i E Z} in M satisfying: 

(i) E,>0 for all i > 0, and E, ^ if i < 0. 

(ii) There exists an integer r such that 

En = sup{E, + a^'En-i) 
1=1 

for all n > 1 . 
Then: 

(1) If k = 0, so A = 1,, there is an element > S M and an integer t > 
such that 

En,+n ^Em+ <J-"\En) + 

for all m,n >t. 

(2) If k = \, then there is an integer I so that Eni = nEi for all n > 1. 

Proof (1) is [XS951 Corollary 2.12]. (2) is [XS95l Lemma 2.7]. □ 

Lemma 3.13. Assume Assumption- Notation lS. 1 1\ Then there are Weil divisors 
< n < D on X and an integer k > 1 such that for all n > 1 we have 

(3.14) Dkn = D + CT-^D + ■■■+ a-'^^'^-^'^D - fl, 

and so that no irreducihle component of is fixed by any power of a. Furthermore, 

(3.15) D(^n+.n)k = Dnk + ^""''(i^mfe) + ^-"'^(r!) 

for all n,m > 1. 

Proof. We note that it suffices to prove the lemma for a Veronese subring of i?; it 
then holds for R by changing k and D. 
We claim that for all n, m > we have 

(3.16) Dn+m> Dn+<J-"D,n 

and that there is r > 1 such that for all n > 1, we have 

(3.17) Dn^sup(D,+a-\Dn-^)). 



14 



S. J. SIERRA 



To see this, fix m,7i > 0. Let D' := D^{Rn{RmY")- By Lemma |XH1 D' = 

D^(Rn) + <7-"D^(R„,). Because Rn(Rra ) ^ Rn+m, we have that Dn+m > D' . 

This gives (|3.16p . Because 1 G we have Dn+i > Dn for all n. Let ?- > 1 be 
such that for all n > r, we have i?„ = X]i=i RiRn-i- Then (I3.17P follows. 

Let WDiv(X) denote the group of Weil divisors on X . Equation (|3.17p implies 
that there are only finitely many cr-orbits of prime divisors in WDiv(X) on which 
some Dn is nonzero. In particular, there are only finitely many such cr-orbits that 
are finite. Thus for some £, each a^-orbit of WDiv(X) on which some Dni is 
nonzero is either infinite or consists of one element. Without loss of generality, we 
may replace R by i?^^^ (which is still finitely generated) and assume that all curves 
of finite order that appear in some D„ are cr-invariant. 

Let E € WDiv(X) be a cr-invariant irreducible curve such that some Z?„ > E. 
There are only finitely many such E. Let En := Dn\E- Equations p.l6p and ()3.17|) 
imply that {En} satisfies the hypotheses of Lemma [3.121 with k = 1. Thus, by 
Lemma |3.12( 2'). there is an integer m > 1 such that for all n> 1, we have 

Dnm\E = n{Djn\E)- 

li E G WDiv(X) is of finite order under cr but not cr-invariant, then 

Dnm\E n{Dm\E) 

for all n. Thus, by replacing R by we may assume that 

Dn\E = n{Di\E) 

for all irreducible curves E that are of finite order under cr and for all n G N. 

Let {P^, . . . , P*} be irreducible generators of the finitely many distinct infinite 
cr-orbits in WDiv(X) on which some Dn is nonzero. Fix I < i < s, and let M 
be the subgroup of WDiv(X) generated by {cr"(P*)}„gz- Let En := Dn\M- As 
before, {En} satisfies the hypotheses of Lemma [3.121 Thus there exist t and ^ 
as in the statement of Lemma [3.12( 1). By varying i, we obtain integers t^, . . . , i'* 
and divisors , . . . , 4''', with supported on {cr"P*}„gz- Let k = max{i*} and 
let = + • • • -I- By construction, contains no components of finite order 
under cr, and 

(3.18) Dnr+n = An + fT-'"(AO + '^-'"(r!) 

for all n,m > k. Define D := Dk + Then (|3.15p holds for all n,m > 1, and an 
easy induction shows that ()3.14p holds for all n > 1. □ 

Definition 3.19. Assume Assumption- Notation 13. 3} in particular, fix z S Ri- 
Let {X,(j) be a normal model for R. Let Z3„ :— D^{Rn)- If there are effective 
Weil divisors D and on X and an integer k so that (|3.14p and (|3.15p hold for all 
n, m ^ 0, we follow the terminology of [AS95j and say that il is a gap divisor for 
R on X associated to z (or more briefly a gap divisor for R on X). We say that D 
is a coordinate divisor for R on X (associated to z). 

Note that is a gap divisor for R associated to z if and only if it is a gap divisor 
associated to z" for some (or all) i?^"). Further, this gap divisor is unique (at least 
up to choice of z). 

Lemma 3.20. Assume Assumption- Notation [3Al\ For a fixed z ^ E Ri, there 
is exactly one Weil divisor 51 that is a gap divisor for R associated to z. 
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Proof. By Lennna fS-lBl there is a gap divisor for Ron X associated to z. Suppose 
that there are Weil divisors fl and H.' so that for some fc, fc' > 1 we have 

and 

Dk'(n+m) - Dk'n - CT^ "'{Dk'm) — O"^ ' "(il') 

for aU ri, m > 1. Then 

Thus n = n'. □ 

Initially, it will be more convenient to work on a nonsingular model for R. By 
Lemma |3 . 1 31 and Theorem 13. 1[ we may replace i? by a Veronese subring to assume 
without loss of generality that we are in the following situation: 

Assumption-Notation 3.21. Assume that R is a birationally commutative pro- 
jective surface with Ri ^ 0. Let K be the function field of R and assume that there 
is a nonsingular model {X, a) for R so that a is numerically trivial. As usual, we 
will identify Weil and Cartier divisors. Fix z ^ G Let R^ ■= Rn ' o'^'^ 
let 7^„ := 7^„(X) i?„ • Ox for all n>0. For all n>G, let D^, := D'^(7l„). // 
n < 0, let Dn 0. Let In be the base ideal of Rn and let Wn be the base locus of 
Rn. By definition, Wn is 0- dimensional. 

Further assume that there are a gap divisor and a coordinate divisor D associ- 
ated to z so that (j3.14p and (13.15^ hold with k — 1 for all n > 1, and that fl D cr'^Ti 
is finite for all k ^ 0. 

Let C := Ox{D). Recall that Cn = £'^""' . For n > 0, define 

An :=I? + --- + a-("-i)i?, 

so Cn^OxiAn). 

Our assumptions imply that 
for all n > 1. 

We note that if Assumption-Notation 13.211 holds for R, then it holds for any 
Veronese i?*^"^ of R, by replacing a by a". (The effect of this change is to also 
replace D by A„.) Also note that in the setting of Assumption-Notation I3.2T| we 
may regard i? as a subring of B{X, £, cr) = H^{X, >Cn)z", even if £ is not ample 
or CT-ample. That is, elements of i?„ correspond to global sections of £„. We will 
make this identification throughout the rest of the paper. 

4. Points of finite order 

The model X that we chose for R was picked arbitrarily within its birational 
class. To begin improving our approximation, we show in this section that we can 
blow up X finitely many times to remove any points of finite order in the base loci 
of the rational functions 

Lemma 4.1. As.sume Assumption- Notation [372l[ Then there is a finite set V so 
that Wn is supported on V LI ■ ■ ■ cr^^"^^-'(V^) for all n > 1. In fact, we may take 

(4.2) V = WiUW2U{a-'^nr\a-^Q). 
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Proof. Recall that Z„ is the base ideal of the vector space Rn of rational functions. 
For all rn, n > 0, the equation 

gives a set-theoretic containment 

(4.3) W„+„C W„Ua-"(W™)Ua-"(f7). 

Define V as in (|4.2p . Our assumptions imply that V is finite. 

Assume that for all j < n, we have Wj C V\J - ■ ■ U cr"^-'"^^ (t^). By construction, 
this is true for n = 2. For n > 2, it follows from (|4.3p that 

Wn+i c {Wi u CT"iVK„ u (T^^rj) n {W2 u cr^^M^,,^! u a-'^VL). 

By induction, therefore, 

W'n+i C y U • • • U cr-"y U (cr"lf7 H (T^^f^) = U ■ • ■ U 0-""^. 

□ 

We give an elementary lemma on how base ideals transform under birational 
projective morphisms. 

Lemma 4.4. Let tt : X' X be a birational morphism of projective varieties, and 
let D be an effective (Cartier) divisor on X. Let V C \D\. Then the base ideal ofV 
on X' with respect to t:* D is the expansion to X' of the base ideal of V on X with 
respect to D. If X and X' are normal, D-^{V) is Cartier, and the indeterminacy 
locus of TT^^ consists of smooth points of X , then 

TT* {V) ~ D^' {V) 
is effective and supported on the exceptional locus of it. 

Proof. Note that the elements of V are also elements of the linear system |7r*D|. 
Let I be the base ideal of V with respect to D. Let J be the base ideal of V on 
X' with respect to tt*D; that is, the image of the natural map 

V ®Ox'{-T^*D) Ox'. 

Pulling back the surjection 

V ®Ox{-D) ^1 

to X' , we obtain a surjection 

V ®Ox'{-'r^*D) -» 7r*X. 

Composing this with the natural map from vr*! — > '^*Ox — Ox', we obtain the 
map 

V (g)Ox'{-TT*D) Ox' 

defining J'. The image of tt*I Ox' is precisely lOx'] that is, J is the expansion 
of Xto Ox'- 

Suppose now that X and X' are normal, {V) is Cartier, and the indetermi- 
nacy locus of TT^^ consists of smooth points of X. Let F := D-^ {V), and let I be 
the base ideal of F on X. Then by the above, 

V-Ox' ^IOx'{7T*F), 

and so (V) = tt*F — C for some effective Weil divisor C contained in the 
subscheme of X' defined by 20x' ■ Thus C is supported on the exceptional locus 

of TT. □ 
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We now begin the process of modifying X to remove points of finite order from 
the base loci Wn- We wiU do this through a series of blowups at finite orbits, and 
we begin by studying the effect of blowing up on the gap divisor Q. 

Lemma 4.5. Assume Assumvtion- Notation W.21[ in particular, fix 7^ z G Ri, 
which we will use to calculate gap divisors, and let be the gap divisor of R on X . 

(1) Let TT : X ^ X be the blowup of X at a finite a-orbit. Then the gap divisor 
of R on X is the strict transform of CI. 

(2) There are a nonsingular projective variety X' and a birational morphism 
TT : X' X so that there is an automorphism a' of X' with na' = aix , and so that 
the gap divisor of R on X' contains no points of finite order under a'. That is, 
by changing our smooth model X, without loss of generality we may assume that f2 
contains no points of finite order. 

Proof. (1) By assumption, 

(4.6) Dn + CT-''D„, + (J-''n = Dn+m 

for all n, m > 1. For all n > 1, let F„ :— (Rn); let J7n be the base ideal of i?„ 
on X, so 

J-„ = 7^„(X)(-F„) CO^. 

Note X is also nonsingular. Let a be the automorphism of X that lifts a. By 
Lemma I3.13[ let be the gap divisor of i? on X. All components of f2 are of 
infinite order under a by Lemma |3.13[ and there is some k so that 

(4.7) Fnk + 5""'=Fmfe + = F(„+„)fc 

for all n, m » 0. 

For all n > 0, let £"„ 7r*£'„ — F„. By Lemma lL4l £"„ is effective and supported 
on the exceptional locus of tt. Pulling back (|4.6p to X, we obtain that 

for all n, m > 1. Comparing this to (|4.7p . we see that 

Enk + a-''\Emk) + a-"'^(7r*r! -Q) = S(„+„)fe 

for all n, m > 0. Thus n*Q — Q is supported on the exceptional locus of tt. All its 
components are thus of finite order under a; as contains no components of finite 
order under ct, we see that f2 is the strict transform of Q. 

(2) Suppose that contains a point p of finite order, and let tt : X ^ X he the 
blowup of X at the orbit of p. Let a be the automorphism of X conjugate to a. 
Let be the gap divisor of R on X. By (1), ^l is the strict transform of fi. 

Note that a is still quasi-trivial. Thus we may choose k so that a*^ is numerically 
trivial. By assumption, fl n a'Tl is finite. Then we have: 

(4.8) > {n)^ = n.^''{n) >o. 

If f2 contains any points of finite order, we may repeat this process and reduce 
(ri)^ further. Since (|4.8p shows that the gap divisor always has non-negative self- 
intersection, this process must terminate after finitely many steps. That is, after 
finitely many steps we obtain a gap divisor containing no points of finite order. □ 
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We are ready to prove that there is some model of R for which aU the sets Wn 
— that is, aU the base loci of i?„ — consist of points of infinite order. Before doing 
so, we recall some terminology from commutative algebra. Let (S*, M) be a regular 
local ring of dimension 2, and let / be an M-primary ideal of S. Recall [Eis95l 
Section 12.1] that the Hilbert- Samuel function of S with respect to / is defined as 

Hi{n) = iciir/r+\ 

Recall further |Eis95|, Exercise 12.6] that the multiplicity of /, written e(/), is defined 
as 

e(/) = (2!) • (the leading coefficient of Hj). 

This is a positive integer that may be defined more geometrically as follows: let 
a, 6 G / be a regular sequence. Then e(/) is the intersection multiplicity of two 
general members of the ideal aS + bS. 

Now let X be a nonsingular surface and let Z he a 0-dimensional subscheme of 
X. We define the multiplicity e{Z) of Z to be the sum of the multiplicities of the 
defining ideal of Z at all points in Supp(Z). By definition, e{Z) > 0, and e{Z) = 
if and only if Z = 0. Let p G Z and let tt : X' ^ X be the blowup of X at 
p; let Z' C X' he the strict transform of Z. The identification of e{Z) with an 
intersection multiplicity shows that e(Z') is strictly less than e{Z). 

Proposition 4.9. Let R be a birationally commutative surface with Ri ^ 0. There 
is a smooth model {X, a) for some Veronese i?^''^ of R so that a is numerically 
trivial, the gap divisor of R^"^^ on X contains no points of finite order, and so that 
for all n> \ the base locus of R„r on X is supported on points of infinite order. 

Proof. Choose a smooth model {X, a) for R. By Lemma 13.131 by replacing R by 
a Veronese subring, we may assume that we are in the situation of Assumption- 
Notation 13.211 By Lemma 14.51 by changing X and possibly replacing i? by a 
further Veronese (to ensure that Assumption-Notation [3T2T] still holds), we may 
further assume that contains no points of finite order. 

Let M he such that R and TZ — TZ{X) are generated in degrees < M. If there 
is some 1 < i < M such that Wi contains a point p of finite order under a, replace 
X by the blowup of X at the orbit of p. As e{Wi) is reduced each time, continuing 
finitely many times, we may assume that there is a surface X with a morphism 
IT : X X and an automorphism ct of X, so that for i = 1 . . . Af the base locus of 
Ri on X contains no points of finite order. 

One would hope that for i > M the base locus of Ri on X also contains no points 
of finite order. This is unfortunately not necessarily true; however, by appealing 
to commutative algebra we can show that we can remove points of finite order by 
a further blowup. We establish some notation. For all n > 1, let F„ := D-^{Rn), 
and let Jn '■= TZn{X){—Fn) he the base ideal of i?„ on X. We caution that (|3.14|) 
and (|3.15p may not hold for the Fi with fc = 1, although they do, of course, hold 
for some k. By Lemma |4.4| for all n > 1 the divisor 

En := Tr*Dn - F„ = 7r*A„ - n*n - F„ 

is effective and supported on the exceptional locus of tt. In particular, all compo- 
nents of any En are of finite order under a. By Lemma |4?5jl), the gap divisor of 
i? on AT is equal to Tr*il. 
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The bimodule algebra TZ{X) on X is still generated in degrees < M. That is, 

M 

(4.10) J„(F„) TZn{X) = ^7^,(X)7^„_,(X)^' 

1=1 

for all n > M . We may rewrite (|4.10p as 
JnOx{-T^*^ - En + 7r*A„) = 

M 
i=l 

for all n > M . Subtracting tt* ( A„ — SI) from both sides, we obtain 

M 

(4.11) Jr^lE^ = JnO^{-En) = J2J^Jni^Oxi-E^-a-\En^,+7:*n)). 

1=1 

for aU n> M. 

For all n, let ICn be the minimal ideal sheaf on X that contains and is 
cosupported at points on the exceptional locus of tt; this exists because J^n is 
coartinian. Since fl does not contain any fundamental points of tt"^, by restricting 
(|4.1ip to the exceptional locus of tt we obtain 

M M 
i=l i=l 

for all n> M. 

For all n, let AC„ be the minimal ideal sheaf on X containing /C„ and cosupported 
at points of finite order. Now, there is some k so that the ideal sheaf X]f=i '^Ei^E^-i 
is cr'^-invariant, as all E-i are of finite order under a. This implies that 

M 

^n^Er, = - i^Ej 1e„ ^ , 

i=l 

for all n > M. But for 1 < i < ill, the base locus of Ri on X contains no points of 
finite order, and so fCi — O ^. Thus 

M 

(4.12) t^iE^ = 

for n > M . Let ^ be such that fixes all irreducible exceptional curves and so all 
components of . . . , Em- Then (|4.12p and an easy induction imply that for all 
n, ICn is (T^-invariant. 

Let S be the graded (O^, cr^)-bimodule algebra defined by 

5:=0(5„)5.., 

rt>0 

where 
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As all Sn are cr^-invariant, S may be given the structure of a sheaf of (commutative) 
graded algebras (i.e., a commutative bimodule algebra) on X. Call this bimodule 
algebra Sc- Since R^^^f is finitely generated, there is TV > 1 so that 

N 

1=1 

for all n > N. Restricting to the exceptional locus of tt and to finite orbits, we 
obtain that 

N N 
•Sn — SiS'^_^ — SiSn-i 

i=l i=l 

for all n > N, and so S and Sc are finitely generated. An easy globalization of 
[Bou98i Section III. 1.3, Proposition 3]) shows that there is some e > 1 so that Sc'^^ 
is generated in degree 1. Therefore, S'^'^^ is also generated in degree 1. 
That is, 

for all n > 1. As /C^e is a^-invariant, we may resolve it by a sequence of point 
blowups at finite a-orbits. We obtain a nonsingular surface X' with a birational 
morphism ip : X' X so that a is conjugate to an automorphism a' of X' and so 
that the expansion of ICge to X' is invertible. Thus the expansion of JCnte to X' is 
invertible for all n > 1. 

Recall that Jn is the base ideal of i?„ on X. For all n, there is an ideal sheaf C„ 
so that 

Necessarily, C„ is cosupported at points of infinite order. Let Z„ be the subscheme 
of X defined by Cn- Lemma 14.41 implies that the base locus of Rnie on X' is 
'ip~^(Zni(,), as the expansion of ICnee to X' is invertible. This contains no points of 
finite order for any ti > 1. By Lemma |4.5[ the gap divisor of R on X' contains no 
points of finite order under a' . □ 

5. An ample model for R 

Let {X, a) be a model for R. If a coordinate divisor of i? on A" is cr-ample, we 
refer to X or to the pair (A, a) as an ample model for R. The goal of this section 
is to show that a normal ample model for R exists. 

We begin by giving the cr-twisted versions of some results about big and nef 
divisors. Recall that we denote linear equivalence of divisors by ^ and numerical 
equivalence by =. If Z? is a divisor on X and m > 1, let A,„ := D + a^^D + • • • + 
cr-(™-l)£). 

Recall that a divisor D on a projective surface A is big if 
(A, Ox ("£>) ) dim ijo ( A, Ox («£») ) 

grows as 0{n^), and D is ne/if D.C > for any curve C on A. We refer the reader 
to |Laz04] for the basic properties of big and nef divisors. 

Definition 5.1. Let a be a quasi-trivial automorphism of the projective surface 
A. We say that a divisor D is a-big if ft."(A, Oj5c(A„)) grows at least as O(n^). 

We note that if (A, a) is a normal model for R and D is a coordinate divisor for 
i? on A, then D is cr-big by assumption on the GK-dimension of R. 
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Lemma 5.2. (Kodaira's Lemma; cf. |Laz04[ Proposition 2.2.6]) Let a be a quasi- 
trivial automorphism of a smooth projective surface X , and let D be a a-big divisor 
on X . Let F be an effective divisor on X . Then H^{X, Ox{^m ~ F)) 7^ for all 
sufficiently large m. 

Proof. We consider the exact sequence 

^ H''{X,Ox{^m-F)) ^ H\X,Ox{^m)) ^ Of (A™)). 

As a divisor on a smooth surface, -F is a local complete intersection. Thus Riemann- 
Roch [Har77[ Ex IV. 1.9] implies that there are constants n and c such that if i? is a 
divisor on X with E.F > n, then h^{X, Of{E)) = E.F + c. Since a is quasi-trivial, 
Ajn-F grows no faster than 0{m), and thus h°{X, Opi^m)) grows no faster than 
0(m). SinceZJiscr-big, form > Owe have that /i"(X,e)x(A,„)) > h" {X , O f (Am)) 
and therefore the map (j)m : H'^{X,Ox{^m)) -> 0_f(A,„)) must have a 

kernel. This gives a section of Ox (Am — F). □ 

Corollary 5.3. (cf. |Laz041 Corollary 2.2.7]) Let a be a quasi-trivial automorphism 
of the smooth projective surface X , and let D be a a-big divisor on X . Let A be an 
ample divisor on X . Then there is some to > and some effective divisor N on X 
such that Am A + N . 

Proof. Choose r such that (r + 1)^4 and rA are both effective. Using Lemma [5.21 
choose TO such that H'^{X, Ox{^m — (r + 1)A)) ^ 0. Thus there is some effective 
N' with 

Am - (r + 1)A ^ N'. 

That is. Am ^ A + {rA + N'). Since rA and N' are both effective, the theorem is 
proved ior N = rA -\- N' . □ 

Lemma 5.4. (Wilson's Theorem; cf. |Laz041 Theorem 2.3.9]) Let a be a quasi- 
trivial automorphism of the smooth projective surface X , and let D be a a-big and 
nef divisor on X. Then there are an effective divisor N and an integer toq > 
such that for every m > toq, both Am — N and Am — a~^"^~"^°^ (N) are base point 
free. 

Proof. Fujita's Theorem |Laz04|, Theorem 1.4.35, Remark 1.4.36] gives a very ample 
divisor B such that H'{X, Ox{B -\- P)) = for aU nef P and for alH > 1. Note 
that the same property holds for all cr"B. Corollary [STS] implies that there is some 
Toq > so that Amo ~ 3-6 + N for TV effective. Then for to > toq. 

Am- Af-^3B + a-™°Am-mo• 
Now the cone of nef divisors is cr-invariant. As D is nef, cr^^^Am-mo is also nef. 
Thus 

Am - N ^ B + 2B + nef. 

Our assumption on B implies that 

W{X, Ox{A„, - N - iB)) ^ 

for i = 1, 2. By |Laz04[ Theorem 1.85], Oxi^^ - N) is globally generated. 
Similarly, 

Am - a-("-"")iV ^ Am-mo + 3a-("-"«)B, 

and so W{X,Ox{A7n - ^-("-"''^TV - icr-("-"")B)) = for i = 1,2. That is. 
Am — o-^(™^™")iV is 0-regular with respect to the very ample divisor a^'^"^^''^°^ B. 
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Applying jLaz04|. Theorem 1.85] again, Ox{A„, ~ CT-(™-™«)iV) is globally gener- 
ated. □ 

We now begin to consider the rational maps to projective space defined by the 
rational functions in and |A„|. We record here the elementary result that these 
are birational onto their image for n ^ 0. 

Lemma 5.5. Let R be a hirationally commutative projective surface with function 
field K :— k.{X). Assume that _Ri ^ and fix =/= z E Ri. For some n, the rational 
functions in R„ generate K as a field and so induce a birational map of X onto its 
image. 

Proof. Let /i, . . . , be rational functions that generate K. For each i, there are 
homogeneous elements a^, hi of some i?„. so that /; — Oib^^ . By putting all the fi 
over a common denominator, we may assume that there are some ci, . . . , c^, 6 G _R„ 
with fi — Cib^^ for all i. Thus i?„ generates K. □ 

By Proposition 14.91 and Lemma 15. 5( we may pass to a further Veronese subring 
to strengthen our assumptions on R. 

Assumption-Notation 5.6. Assume that R is a hirationally commutative pro- 
jective surface with function field K so that i?i ^ 0. Fix =^ z £ Ri, and define 
Rn '■= RnZ^"' ■ Assume that Ri generates K as a field. 

Assume also that there is a nonsingular model (X, cr) for R so that a is nu- 
merically trivial. Define TZn{X), Dn, In, and Wn as in Assumption- Notation [37Tl\ 
Further assume that there are a gap divisor and a coordinate divisor D associated 
to z so that p. 141) and p.l5|) hold with fc = 1 for all n,m > 1, and that ftDa'^il is 
finite for all k ^ 0. We further assume that fl and all Wn are disjoint from finite 
a-orbits. 

We continue to define A„ := £> + h a-^"-^'^D and C := Ox{D). 

We remark that if AssumDtion-Notation l5.6l holds for i?, it holds for any Veronese 
R^^^ of R, by replacing cr by a'^ and D by A^. 

Lemma 5.7. Assume Assumvtion-Notation F^TSl so D is the coordinate divisor of 
R on X and a is numerically trivial. Then A„ is big and nef for all n > I. 

Proof. It is enough to show that D is big and nef. Suppose that D is not nef. Then 
there is some effective curve C such that CD < 0. For n ^ we have (A„ — 0).C = 
nD.C - ri.C < 0. This implies that if F ~ A„ - 17 is effective, then C < F; that is, 
C is contained in the base locus of |A„ — But Bs(|A„ — f2|) C Bs(i?„) — Wn, 
and this is 0-dimensional. Thus D is nef. 

By assumption on R, we know that D is tr-big. By Corollary 15.31 for some 
n > 1 we have A„ A + F, where A is ample and F is effective. Thus A„ is big 
by [Laz04i Corollary 2.2.7]. Since a is numerically trivial and bigness is numeric 
[Laz04 1 Corollary 2.2.8], we see that nD and therefore D are big. □ 

Theorem 5.8. Assume Assumption- Notation [5761 Then there is some k so that 
Ank is base point free for n 3> 0. 

We note that if R is commutative (so i7 = and a — Idx), then this follows 
from Zariski's result |Zar62|, Theorem 6.2] that if £ is a line bundle on a projective 
variety with a 0-dimensional base locus, then some tensor power of C is globally 
generated. 
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Proof. For all n, let Z„ :— Bs^"(|A„|). We want to show that for some fc, Znk ~ 
for n > 0. 

We first show that Z„ is 0-dimensional for n ^ 0. Let C„ be the 1-dimensional 
component of The coordinate divisor D is cr-big by assumption, and net by 
Lemma 15.71 By Lemma 15.41 we know that there is some effective N such that 
for all m > 0, both A„i - TV and - cr" ('"-"'o)A^ are base point free. Thus 
Cm C iV n (t'"-'"o7v for all m > 0, and so for all m > 0, is a union of 
components of iV that are of finite order under a. Now, 

a„ CBs^"(|A„|) cr!UBs(|A,„-r!|). 

As Bs(|Am — f^l) C Bs(i?„) = Wn is 0-dimensional, we also have that Cm. < ^■ 
Since has no components of finite order, Cm = for m ^ 0. 

By passing to a Veronese subring, and replacing D by some A^ and cr by cr'^, we 
may assume that Z„ is 0-dimensional for all n > 1. Let = be the rational 
map from X to some defined by the complete linear system \D\. Let Y be the 
closure of 0(^); we will abuse notation and refer to </> as a rational map from X to 
Y . Note that is birational by assumption, as R\ C Ox(-D)) generates K. 

By blowing up the finite base locus of we obtain a surface X' and a diagram 
of birational maps 

X' 




X - - 

4> 

such that TT and (j)' are morphisms. Let C be a reduced and irreducible hyperplane 
section of Y that avoids the finitely many points with positive-dimensional preimage 
in X or X' and does not contain any component of the singular locus of Y. Such C 
exist by Bertini's theorem and |Har77|. Remark III.7.9.1]. Then D' := 7r(0')~i(C) 
is a reduced and irreducible curve that is linearly equivalent to D. Without loss of 
generality, we may replace D by D' and assume that D is reduced and irreducible. 

We will show that Ox{^m) is globally generated for all to 0. The proof is 
based on repeated applications of the following long exact cohomology sequence. 
Let B be an effective divisor on X and let A and A' be divisors such that A' ^ A—B. 
Then the exact sequence 

Ox{A') ^ Ox{A) ^ Ob{A) ^ 

induces a long exact cohomology sequence 

(5.9) -> Ox{A')) ^ H\X, Ox{A)) H"{X, Ob{A)) 

H\X,Ox{A')) ^ H\X,Ox{A)) ^ H\X,Ob{A)). 

In particular, for all to > there are homomorphisms 

H\X, Ox{cT~\^m))) ^ H\X, Ox(A,„+i)) -> H\X, Oz,(A„+i)). 

Now D is irreducible and -D.A^ = mD^ , as a is numerically trivial. Since D is big 
and nef, > by [Laz04[ Theorem 2.2.16]. By Riemann-Roch, there is an integer 
Too such that if to > TOq, then H^{D, C'ij(Am)) = 0. Thus if m > toq we have that 
h\X,Ox{Am)) = hHX,Oxia-^Am)) > h\X,Ox{^m+i))- Therefore, there is 
some TOi > Too and some non-negative integer a such that if to > toi, we have that 

h\X, Ox(A„0) = a. 
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Increasing mi further if necessary, we may also assume that if H is any divisor 
on X with D.H > rriiD^, then OcrJoiH) is globaUy generated for any j and 
H\X, 0,,d{H)) = Q. 

Suppose that m > 2toi. We claim that Ox{^m) is globally generated; that is, 
Bs(|A„,|) = 0. Since Bs(|A„|) C Z? U (J-^{D) U • • • U cr-(™-i) (Z?), it is enough to 
show that Ox{^m) is globally generated at every point in (t^*(_D) for i = . . . to— 1. 

We claim that for any such z, we have that 

(5.10) h\X,Ox{^m-o~\D)))^a. 

We will do the case when to = 2to' for m' > toi and i < m' — 1; similar arguments 
work for other choices for m and i. For j = . . . z, let 

Cj := A,n-(T-'{D) a-HD). 

Define C^+i := A,„. Thus for j = 0...i, we have Cj = Cj+i — (t^^{D), and 
Cj+i > (T^™ A,„'. Thus a^^ D ■ Cj+i > miD^ and so by the choice of toi we have 
that H^{X,0^-ii:,{Cj+i)) — 0. Thus the long exact cohomology sequence (|5.9p 
gives an exact sequence 

H\X, Ox{C,)) ^ H\X,Ox{Cj+i)) ^ H\X,0„-,d{C,+i)) = 0. 

We obtain that 

h\X, Ox{Co)) > h\X, Ox{Ci)) >--->h\X, Ox{C^)) > h\X, A™) = a. 

Since Cq = A„j — Ai-|_i = (T^'*^^-'(Am-i-i) and to — i — 1>to'> toi, we have 
that h^{X, Ox (Co)) = a. Thus h^{X, Ox{Ci)) = a. The claim (jSH]!) is proved. 

Now let < z < TO — 1 be arbitrary. As a special case of (|5.9[) . we obtain the 
long exact sequence 

-> i70(X, Ox{A^ - (T-\D))) ^ H\X, Ox{Am)) ^ H\X, a-.(i,)(A„)) ^ 
i/i(X, Ox(A™ - cj-'{D))) ^ Ox(A„0) ^ 0,-.(c)(A„)). 

By assumption on to, we have H^{X, C'o.-i_D(Am)) = 0, and we have seen that 

h\Ox{A,n - cj-\D))) - h\Ox{A„r)) = a. 

Thus the map 

<t> : iZ°(X, Ox(A„)) i7°(X, 0,-.(B)(A^)) 

is surjective. Since we have taken m sufficiently large so that C'cr-»(£))(^m) is 
globally generated, Bs(|A,„|) must be disjoint from cr^'(D). Since this holds for all 
i, we see that |A,„| is base point free. □ 

We are almost ready to construct the ample model for R. We first prove two 
lemmas about birational maps. 

Lemma 5.11. Let D be a Cartier divisor on a possibly singular projective variety 
X and let V C \D\ be a subspace of dimension d > 2. Let <j) = <f>v be the rational 
map to P'*^! defined by V , and let T be an irreducible curve on X that is disjoint 
from the base locus of V with respect to D. Then <j) contracts T if and only if 
D - T — 0. Further, if (j) contracts T , then for any v €V , either v never vanishes 
on r or v\y = 0. 
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Proof. Suppose that (f> contracts F to a point. By making a linear change of coor- 
dinates, without loss of generality we may assume that 4>{T) = [1 : : • • • : 0]. This 
is the same as choosing a basis {wi, . . . , Vd} of V such that vi |r is never and that 
Vi\r = for all i > 2. In particular, the divisor of zeroes of vi is disjoint from F 
and so D.T = 0. 

Conversely, suppose that D.T = 0. Then choose distinct points x,y G T and 
V € V. If v{x) 7^ but v{y) = then we have that T.D > 0; thus v{y) = if and 
only if t;|r = 0. Now, since F does not meet Bs^{V), there is some v €zV such that 
v{x) ^ 0. We may choose a basis {w,W2 • ■ ■ jfd} for V such that Vi{x) — for all 
i > 2. By the above, in these coordinates 0(r) = [1 : : • ■ • : 0]. □ 

We obtain as a corollary that any curve F such that r.A„ = must be disjoint 
from the gap divisor and from the base loci Wm- 

Corollary 5.12. Assume Assumption- Notation [5761 Suppose that |A„| is base 
point free. Let be the morphism to projective space defined by |A„|. // 0„ 
contracts an irreducible curve F, then there is some f € Rn so that 

(divx(/) + A„) n F = (divx(/) + r! + (A„ - r!)) n F = 0. 

In particular, Wn U Q is disjoint from F. 

Proof. As X is nonsingular, we may identify Cartier and Weil divisors. Lemma [5.11l 
implies that the set of irreducible curves contracted by (pn is precisely the set of 
irreducible curves F with F.A„ = 0. As ct is numerically trivial, F.A„ = if 
and only if (tF.A„ = 0. Thus the set of curves contracted by the morphism 0„ is 
cr-invariant. 

By assumption 0„ is birational onto its image. Thus there are finitely many such 
curves and so all are of finite order under cr. In particular, if F is such a curve, then 

T ^n. _ 

Fix an irreducible curve F with A„.F = 0. As F ^ ^UWn, we have some / G i?„ 
so that F ^ divx(/) + A„. Thus F n divx(/) + A„ = by Lemma ISHl Now, 
set-theoretically we have 

nuWn= n divjf(5) + A„ c div(/) + A„. 

Thus r2 n F = iy„ n F = 0. □ 

Lemma 5.13. (Compare |AS95[ Lemma 3.2].) Let X be a variety, and let Gi, G2, 

and G3 be effective ( Cartier) divisors on X ; let E :— G3 — Gi — G2. For i = 1 . . . 3, 
let Ui '^\Gi\ be a vector space of dimension at least 2, and suppose that U1U2 C J/s. 
Let : X ^ P^' be the rational map defined by the sections Ui of Gi and let Yi 
be the closure of Im in P^' . Further assume that ^3 : X — > ¥3 is birational. 
Then there is an induced rational map tt : ¥3 — s- Yi so that TTcf)^ = (f>i and so that if 
X ^ Bs'^*(C/i) for i = 1 . . . 3 and x ^ E, then tt is defined at 03 (x). 

Proof. We repeat the proof of |AS95[ Lemma 3.2], to note that it works in our 
situation as well. As rational maps, tt = (j)i{4>3)~^. Let x G X \ (E U Bs''^(J7i) U 
Bs'^=(J72) UBs'^^([/3)); then all the maps 4>i are defined at x. We may thus choose 
elements mq G Ui and v € U2 so that, locally at x, Gi = —divx{uo) and G2 — 
— divx(f). Our assumptions imply that, locally at x, G3 = — divjf(uow). Let 
{uq, . . . , Mr} be a basis for Ui. Locally at x, is defined by [uq : • • • : Ur]; we may 
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also define it by [uqv : • • • : Then if {uqv, . . . , UrV, Wr+i, ... ,Ws} is a basis for 

Us, then the rational map tt is given by projection onto the first r + I coordinates. 
This is defined locally at 03 (x) by construction. □ 

We have seen that the maps X P^" defined by |A„| are birational morphisms 
onto their image for n ^ 0. We now show that for n ^ 0, the image of this map 
gives a normal ample model for R, and that our assumptions on X continue to 
hold. 

Theorem 5.14. Assume As sumption- Notation F^TSl Then there are a normal pro- 
jective surface X' , a birational morphism 9 : X ^ X' , and an ample invertible 
sheaf C on X' such that for some k > 1, is conjugate to a numerically trivial 
automorphism a' of X' and 0*{C') = Ck. In particular, C is a'-ample. 

Further, the gap divisor of i?''^-' on X' is Cartier and contains no points or 
components of finite order. For all n>l, the base locus of Rnk on X' contains no 
points of finite order. 

Proof. For all n, let a„ be the rational map from X to some projective space given 
by |A„|; let X„ be the closure of the image of X under q;„. By Theorem 15. 8[ we 
may replace i? by a Veronese subring to assume that |A„| is base point free for 
all n > 1, so a„ is a birational morphism for all n > 1. Assumption-Notation [STBl 
continues to hold. 

For all n, we have A„ + a^^^D — A„+i and |A„| • jcr""!?! C |A„+i|. Using 
Lemma 15.131 with E — Q, for each ?i > 1 we obtain a birational morphism 7r„ : 
Xn+i — > Xn SO that the diagram 



x^^x, 




n+l 



commutes. Likewise, the equation Z? + cr~^A„ — A„+i gives a birational morphism 

Pn ■ Xn+i —>■ Xn SO that 




an oa 

Xn 

commutes. 

Let r be an irreducible curve on X . Then, as a is numerically trivial, 

A„+i.r = {n + 1)D.T = ^^A„.r, 

n 

so A„+i.r = if and only if A„.r = 0. By Lemma l5.111 an+i and q;„ = 7r„ o an+i 
contract the same curves; thus 7r„ : Xn+i Xn does not contract any curves and 
is a finite morphism. Likewise, p„ is a finite morphism. By finiteness of the integral 
closure, there is some k such that if n > fc, then both 7r„ and pn are isomorphisms. 

Let X := Xk, and let a = ak : X ^ X . Define a — (pfcTr^T^)*^. Then a is an 
automorphism of X, and we have that 

W o a — a o a''. 

Clearly W is numerically trivial. 
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Let TT : X' — > X be the normalization of X. Since X is normal by assumption, the 
morphism a factors through tt — that is, there is a birational morphism 9 : X ^ X' 
such that the diagram 

X -X' 



X 

commutes. Note that if 9 is finite at x E X, then is a local isomorphism at x. By 
the universal property of normalizations, a lifts uniquely to an automorphism a' of 
X' , which is also numerically trivial. 

By construction, X carries a very ample line bundle C such that 

Ck ^ OxiAk) = a*C = 9*7r*C. 

Let C = ■K*C Then C is the puUback of an ample line bundle by a finite map 
and so is ample by [Har77|, Exercise IIL5.7(d)]. Further, C is cr'-ample by iAV90l 
Theorem 1.7]. By the projection formula [Har77[ Exercise II.5.1.(d)], 9*{Ck) = C. 

Let C be the union of the finitely many curves in X that are contracted by 6. 
Note that 9 is an isomorphism from the open subset X \ C of X onto an open 
subset of X'. Note also that, by Corollary EH ncX\C. Let fl' := 9{n) be the 
scheme-theoretic image of il. Thus $7' is a Cartier divisor on X' . 

Let D' be the Cartier divisor on X' corresponding to the invertible sheaf C . The 
singular locus of X' consists of finitely many points, as X' is normal. Fix n > 1. 
By restricting the Weil divisor (Rnk) to the open set where X' is smooth, we 
obtain that 

By Lemma r3.20[ fl' is the gap divisor of i?^*^-* on X' associated to z. That fl' contains 
no points or components of of finite order follows directly from the corresponding 
properties for Q. 

Fix 71 > 1. We have seen that (Bnk) is Cartier. Let Z„ be the base locus 
of Rnk on X' . Let x G X' he a, point of finite order under a' , and let F be an 
irreducible component of 6~^^{x). If F is a curve, then by CoroUarv 15.121 there is 
some / e Rnk so that F n (divx(/) + (A„/c — fl)) = 0. If F = {p} is a point, then 
it is of finite order, and so by assumption p W„. Again, there is an / G Rnk so 
that p ^ divx(/) + (A„fc — V,). In either case, / gives a section of C',^ that does not 
vanish at x, so x ^ Z„. Thus Z„ contains no points of finite order. □ 

We comment that in the commutative setting, X would be normal automatically; 
see jLaz041 Theorem 2.1.27, Example 2.1.15]. We do not know if this is true for our 
construction. 

6. Stabilizing 0-dimensional data 

We are now ready to start working with the infinite order 0-dimensional data 
defining R. In this section, we begin with a normal ample model {X, a) for R, and 
give surface data D = {X, C, a, A, V, C, fi) so that the bimodule algebras TZiX) and 
T(D) are equal up to taking Veronese subrings. The key arguments in this section 
are essentially combinatorial. 
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By Theorein l5.141 by replacing i? by a further Veronese, we may without loss of 
generality make the following assumptions: 

Assumption-Notation 6.1. We assume that R is a birationally commutative 
projective surface with function field K and fix ^ z G Let i?„ := R^z^"^ , 

and assume that Ri generates K as a field. Let (X, cr) he a normal model for R 
with a numerically trivial, and let TZn '■= Rn ■ Ox- Assume also that there are 
an ample and a-ample invertible sheaf C on X, an effective locally principal Weil 
divisor on X containing no points or components of finite order under a, and 
0-dimensional suhschemes Wn of X , disjoint from finite a-orbits, such that for all 

We first show that SI can meet cr-orbits only finitely often. 

Proposition 6.2. Assume Assumption- Notation [KT\ Let p £ X be a point of 
infinite order under a; let 0{p) denote the a-orbit of p. Then U, intersects 0{p) 
only finitely often. 

Proof. Suppose that 0{p) Cift is infinite. We will show that R is not nocthcrian. 

First suppose that for infinitely many d < 0, we have a'''{p) £ ri. By Lemma WJ\ 
there is a finite set V such that, for all n > 1, we have Wn C F U ■ • ■ U cr~("^^^l/. 
We define a point q as follows: if 0{p) DV — 9, let q := p. If 0{p) meets V, let 
c := minjd I a'^{p) G V} and let q :— a'^^^{p). In either case, for all n > 1 and 
1 < m < n, we have cr~"(g) ^ Wm. 

Define a left ideal J of i? by letting J := ® J^z", where 

J „ := H^{X, Cn -Iq ) D Rn. 

If cr^"(<z) £ O, then TZn ^ Cn^^ and so J„ — Rn- On the other hand, since 
cr^"((j) ^ Wn — Bs(i?„) by construction, if a^''^{q) ^ fl then there is some section 
of Cn in Rn that does not vanish at (T^'"-{q). That is, J„ ~ Rn if and only if 

CT-"(g) e n. 

For all i < n we have i?„_,;Jj C I^j • 2^ Cn)z^\ Fix m > 1 and n > m 

such that o-""(g) G ft. Then 

{LI ' J <m)n 

As CT^"(q) ^ Wn ~ Bs(i?„), we have that 

(A, In ■ If Cn)nRn) ^Jn^Rn. 

Thus J is not finitely generated. 

Now suppose that for infinitely many d > 0, we have a'^{p) G fi. Let 

c ~ ci-n + cr-'^n). 

Then TZn = Iw^ilnY i^')n- That is, R is also contained in a left idealizer at fl 
inside B' = B{X,C',a). An argument symmetric to the one above constructs a 
right ideal of R that is not finitely generated. □ 

We now analyze the 0-dimensional schemes (SI U Wn) n 0{p). To simplify our 
computations, we will pass to a Veronese subring so that our data may be presented 
in a standard form. That we may do so is the content of the following elementary 
lemma. 

For any fc > 1, and for any p G A, we will let Ok{p) denote the cr'^-orbit of p. 
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Lemma 6.3. Assume Assumption- Notation W7T\ Then there is a positive integer 
k such that, for any p G X , either Ok{p) is disjoint from all Wn or there is a point 
q G Ok{p) so that Ok{p) H 57 C [q} and 

{q}<^{Ok{p)n{nUWk)) C{q,a~\q)}. 

We first note: 

Sublemma 6.4. Suppose that q is a point of infinite order and that 
{nUWi)nO{q)C{q,...,a-'{q)}. 

Then 

[Q U Wn) n Oiq) C {q, a-\q), . . . , CT-<^-+^~'\q)} 

for all n > 1 . 

Proof This follows from (gS]). □ 
Proof of Lemma \6.S[ By Lemma 14.11 we know that 

U Wn 

ri>l 

is contained in finitely many infinite cr-orbits. By Proposition 16.21 each of those 
orbits meets fl only finitely often. Thus there is some s > 1 such that for any 
p e Un>i we have that 

{n U Wi) n 0{p) C {a-\p), . . . a-^'+'\p)} 

for some i E Zi. 

Let p be a point of Un>i Let 

m := max{n G Z | a"{p) eflU Wi}, 

and let q := a'^{p). Then the hypotheses of Sublemma 16 . 41 hold . and therefore 

(f7UW^„)nO(g) C{g,...,a-("+^-l)(q)} 

for all n > 1. Thus, for any n > s and any 0<i<n — 1, we have that 

{n U Wn) n On{a-\q)) C {<j-\q),<J-^'+''\q)}. 

For 0<i<s — 1, we have 

n n 02sia-\q)) c {{n u W2s) n 02.(fT"''(g))) n {{n u w.,) n o,(a-*(q))) 

C {a-*(g),a-(^+2^)(<z)} n {a-\q),a-^^+^\q)} = {a^^q)}. 
For s < i < 2s — 1, we have 

n n 02.(^^X9)) ^ ((^^ u w^2.) n 02.(fT-X'?))) n {{n u w^,) n o,(a-(*-^)(g))) 

C {<j-\q),a-^^+^^\q)} n {a-('-^)(<?),a-^(<?)} = {^-'(q)}. 
Thus the lemma holds for k — 2s. □ 

Lemma 16.31 allows us to replace i? by a Veronese subring so that without loss of 
generality we may make the following assumptions: 
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Assumption-Notation 6.5. We assume that R is a hirationally commutative 
projective surface with function field K and fix ^ z G Let i?„ :— RnZ~^ , 

and assume that Ri generates K as a field. Let {X, a) be a normal model for R 
with a numerically trivial, and let 7?.„(X) :— R^ ■ Ox- Assume also that there are 
an ample and a-ample invertible sheaf C on X, an effective locally principal Weil 
divisor U, on X containing no points or components of finite order under a, and 
0-dimensional subschemes Wn of X , disjoint from finite a-orbits, such that for all 
n>l, Tln{X) = Iw„InCn- 

In addition, we assume that for any orbit 0{p) that meets [J^yi Wn, there is 
some q G 0(p) such that 

{q}CO{p)n{WiUn) C {q,a-\q)}, 

and 0{p) nrj C {q}. 

We note here a combinatorial result on the behavior of certain posets, which we 
state in generality because we will use it here and in Section [8l 

Lemma 6.6. Let (M, <) be a poset satisfying the ascending chain condition, and 
let 

{M" I 1 < j < " - 1} 
be a collection of elements o/M so that for all n,j we have: 

(1) Mj'+i h Mf, and 

(2) m;_+i ^ m;. 

Then there are some K > 2a £ ^ so that if n > K , then: 

= Aff forl<i<a. 
= for a < i < n - a. 
= M^_^^K forn~a<i<n~l. 

Further, we have 

< Mf ^ • • • ^ A/f = • • • = M^_, ^ M^'_,+i h • • • ^ Mf _i. 
Proof. For each n > i, the chain 

^ +1 ^ • • • 

stabilizes; define Af°° to be this limiting value. Likewise, the chains 

stabilize to a limiting value Nj°. Taking the limit of (1) and (2) as j oo, we 
obtain that 



and 

for alH, j > 1. Define 
and 



Mr ^ 



M°° lim M° 



:= hm 



Since the sets {Af°°} and {A^j^} are cofinal subsets of {Af"}, we have equality 
of the limits 
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Thus we may choose a > 1 and r > 2a so that 

= AC - m: = m;_, = N^. 

Possibly increasing r, we may assume that — M°° and N^_,i — N°° for aU 
l<i<a. 

Note that if e > c and b<d<b + e~c, then 

Let K ■.= 2r - 2a. Let n> K. li a < i < n/2 <n + a-r, then 

In particular, = M^. Likewise, if n — a > i > n/2 > r — a, then 

= Af^ - Af:_„ ^ Mr -< Af°?. 



r — a 



By choice of r, if 1 < i < a and n > then Aff = Af°° = Aff , and A/;^, = 
iV°° = A//;_,. □ 

Lemma 6.7. Assume Assumvtion-Notation [67EI Let p G lJn>i '^'^'^ ^ 
Cjf.p be the local ring of X at p, with maximal ideal p. For all j > I and all i G Z, 
define mj to be the stalk of the ideal sheaf TZjCj^ = T^Iw„ at u~^{p), considered 
as an ideal in O via the isomorphism cr* : Ox^a-^p ~^ C- Our assumptions imply 
that by reindexing the orbit of p if necessary, we may assume that m] — O for all 
i < and i > 1, that ttIq ^ O, and that n 0{p) C {p}. 

Then there are integers N > t > 1, ideals ai, . . . at-i, 5, Ct-i, . . . Cq of O that are 
either p-primary or equal to O , and an ideal ao of O so that for all n > N , we 
have: 

m" = Ui for < i < t 
m" = ift<i<n-t 
m" — Cn-i ifn — t<i<n 
— O if i < or i > n. 

Further, we have QqCo CO and 

Cll ^ 12 ^ • • • C 04-1 COD Cf_i ^ • • • ^ Ci. 

Proof. The multiplication TZnTZ'^ C TZn+m implies that 

for alH,n,TO. In particular, since if fc < and £ > 1 then = = O, we have 
that 



if i < n — 1, and 
if i > 1. Thus the poset 

{m^l l<i<n-l}, 

of ideals of O, partially ordered by inclusion, satisfies the hypotheses of Lemma 
The existence of N,t, and 

ai C a2 C • • • C ot_i C at = O = Cf D Ct-i 2 • • • 3 ci. 
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as claimed, follows directly from Lemma 16.61 Since the chains {mg} and {m'^} 
have maximal elements, by possibly increasing N we may also obtain ao — and 
Co = Tn]v described. Then 

aoco = m^mQ C = D, 

as claimed. □ 

The ideal d constructed in Lemma [6771 is called the central stalk of R at the orbit 
Oip). 

Corollary 6.8. Let t be the integer constructed in Lemma \6.7\ For all s > t there 
is an integer M > 1 so that for all n > M we have: 

(1) // < fc < s then mjl'^^^ ^ X) if I < i < n ~ \, and xn^^l^^^^ = O if i < or 
i > n. 

(2) // s + 1 < fc < 2s - 1 then m^f/^fe ^ if < i < n - 2, and m|f/+fe ^ O if 
i < or i > n. 

Proof. This follows immediately from Lemma 16.71 □ 

We may now give the defining data for the bimodule algebra TZ = TZ{X). 

Definition 6.9. We will say that the surface data D = {X, C,a, A,T>,C,il) is 
normal if: 

• X is normal; 

• cr is numerically trivial; 

• £ is ample (and therefore cr-ample); 

• contains no points or components of finite order under cr; 

• the cosupport of AVC meets cr-orbits at most once; and 

• if w G Cosuppy^PC, then fl n 0{w) C {w}. 

Note that if D is normal, then fl is locally principal. 

Tiieorem 6.10. Let R be a birationally commutative projective surface. Then there 
are normal surface data D — {X, C, cr, 2?, C, £7) and an integer k > 1 so that 

7^(x)('=) r(D). 

Proof. By Proposition [4?9l after replacing i? by a Veronese subring we may assume 
that we are in the situation of Assumption-Notation 15.61 By Theorem 15.141 by 
replacing i? by a further Veronese subring and possibly changing X , we may assume 
that R and X satisfy Assumption- Notation 16. ll 

By Lemma 16.31 we may replace i? by a further Veronese subring to assume that 
for all p such that 0{p) meets Wi, there is a, q E 0{p) so that 

{q}CO{p)n{nuWi)C{q,a-\q)} 

and 0{p) nnc {q}. By SublemmalOl 

0ip)n{nuWn)c{q,...,a-"{q)} 

for all n > 1. By Lemma [4.11 there are points q^, . . . ,q^ with orbits 0{q^), 
so that 

r 

(J C U O^. 

n>l j=l 
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For j — 1 . . . r, apply Lemma 16.71 to to obtain positive integers P and 
and ideals , aj, and in Ox.qo, for < « < P — 1. Let s :— ma,x{P , N^}. For 
integers i with P < i < s — 1, define aj := cj :~ ii^ . We have 

aj C . . . C ai_, C ^ D ci_, D • • • D ci 

and QqCq C t)-? for all j. CoroUarv 16.81 implies that, replacing R by R^^'^'> (and so 
replacing a by ct^", replacing £ by >C2s, and replacing r by 237") and reindexing 
orbits as needed, we may presume that the conclusions of Lemma 16.71 hold on all 
orbits, with N = t = 1. 

We define an ideal sheaf A' C Jq so that In /A' is supported on {q^, . . . ,q^} by 
setting the stalk of A' at to be isomorphic to ag. Similarly, we define an ideal 
sheaf C, cosupported on {q^, . . . , q^}, by setting the stalk of C at q^ to be isomorphic 
to Cq. Let V be the ideal sheaf cosupported at {q^, . . . , q^} so that 

Then A'C C V. Let A := I^^^A'. 

Now, D := {X, C, a, A, V, C, 51) is surface data, and we have seen it is in addition 
normal. By construction, 

Un ^ A'V ■ ■ -V'^'' Cn ^ InAV ■ ■ - V"'' C„ 
if n > 1. Thus TZ = T{B). □ 

We record for future reference the effect of taking Veronese subrings upon surface 
data. 

Lemma 6.11. Suppose that 

is surface data. Let n>\, and let 

© := (X,/:„,cr",^P'"---X>'"""\2?2?'"---X>'"""\c,17). 
Then D is surface data, and 

7-(]n)')(") = T{B). 

Furthermore, if the surface data W is normal, respectively transverse, then the 
surface data D is normal, respectively transverse. 

Proof. This is an elementary computation, which we leave to the reader. □ 

7. TRANSVERSALITY of the DEFINING DATA 

In Section [HI we constructed normal surface data B = {X,C,a,A,V,C,H) such 
that (up to a Veronese) we have Tl-iX) — T{J3>). In this section, we show that the 
data ID is in fact transverse, and that T(D) is a finite module over (a Veronese 
of) R. This allows us to consider r(D) a kind of normalization of R, and further 
justifies the term "normal surface data." 

By Theorem 16. 10[ we may assume without loss of generality that we are in the 
following situation: 
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Assumption-Notation 7.1. We assume that R is a hirationally commutative 
projective surface with Ri ^ and fix 7^ z G As usual, we define Rn '■= 
RnZ~^ . In addition, we assume that Ri generates K as a field. We assume also that 
there is surface data D = {X, C, a, A, V, C, ft), normal in the sense of Definition \6.9\. 
so that if TZn{X) :~ i?„ • Ox, then 

n{x) = r(]D)). 

We will continue to let Wn he the base locus of Rn for n > 1, so that Wn is defined 
by 

AD" ■ ■■V^^'C^ 

for all n > 1 . 

Let Z be the subscheme defined by T), let A he the suhscheme defined by A, and 
let A' be the subscheme defined by C. 

We first prove the unsurprising result that in this situation Q has good transver- 
sality properties. 

Lemma 7.2. The set {cr"f2}„gz is critically transverse. 

Proof. By assumption, contains no points or components of finite order under 
a. Since X is normal, O is locally principal. By Proposition 16.21 meets infinite 
orbits at only finitely many points. Thus by [Sie09[ Lemma 3.1], {a"il} is critically 
transverse. □ 

We next prove two lemmas that will, in many cases, allow us to work with the 
full algebra T{]S)) instead of the subalgebra R. The first is an easy generalization 
of a lemma of Rogalski and Stafford. 

Lemma 7.3. (Compare |RS06[ Lemma 9.3]) Let X be a projective scheme with 
automorphism a. Let {(TZn)cr"} be a left and right ample of sequence of bimodules 
on X such that for each n, the set where TZn is not locally free has dimension < 0. 
Let T be a globally generated coherent sheaf on X and let V C H^{X, J-') be a vector 
space that generates T . Let i S Z. Then for n ^ 0, the natural homomorphism 

is surjective. 

Proof. By assumption, there is an exact sequence 

^ H ^ V(g)Ox ^ T ^ 0. 

Tensoring with TZ'^ , we obtain an exact sequence 

^ TorfiT, 7^,f ) ^ H ® V ® TZ^^ ^ T ® TZ^^ ^ 0. 

Let ICn '.= Im6'„. Our assumptions on TZ imply that Tor^ {J^,TZ'^ ) is supported 
on a set of dimension 0, and so {X ,Torf {T ,TZn )) = for all n and for alH > 1. 
Thus iJi(X,/C„) = H^{X,H(g) 7^7J). By ampleness of {{TZn)a'^}, this vanishes for 
n ^ 0. From the long exact cohomology sequence 

H"{X,ICn)^V®k {X, 7^-; ) (X, T^TZZ') {X, JCn), 



we deduce that a is surjective for ?i 3> 0. 



□ 
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Lemma 7.4. Let X be a projective scheme, let a he an automorphism of X, and 
let C be a a -ample invertible sheaf on X. Suppose that R is a finitely generated 
graded subalgehra of B(X, C, a) = ® i2„)z". For all n > 1 let TZn be 

the sheaf generated by the sections in i?„. Let T :— ^^^^ H'~'{X,TZn)z" ■ 

Suppose that for all n, the set where TZn is not locally free has dimension < 
and that the sequence of bimodules {{'JZn)a"} is left and right ample. Then T is 
finitely generated as a left and right R-module. 

Proof. By symmetry, it suffices to prove that i^T is finitely generated. 
Let k be such that 

k 

fiji — ^ ^ Li^Llji—i 

i=l 

for all n > fc. Then 

k 

i=l 

for all ri > fc; taking global sections we have 

k 

(7.5) Tn = Y,H\x,n,ntd^- 

i=l 

for all n > k. 

For each I < i < k, the sections in Ri generate TZi. Applying Lemma [7.31 we 
obtain that there is some no, which we may take to be greater than k, so that the 
multiplication map 

is surjective for n > uq and 1 < i < k. 
Now consider the exact sequence 

^ Ji,n -^Ui® KL, T^iKl. ^ 0. 

The kernel J7i,,i is supported at finitely many points, and so H^{X, Ji n) = 0. 
Thus the induced map from H^{X,'Ri ® 7^^^) ^ 7^,7^^^) is surjective. 

Therefore, for all n > ng, the natural map 

is surjective. Applying (|7.5p . we see that for n > no, 

k 

Tn — ^ ^ RiTn — i- 
i=l 

By induction, T is generated as a left i?-module by T<ng. □ 

The next step in proving transversality of the data D is to show that AVC is 
cosupported on points with dense orbits. This is the key result of the current 
section, and is surprisingly delicate to prove. 

Proposition 7.6. Assume Assumption-Notation \77T\ Then all points in ZUAuA' 
have dense a-orbits. 
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Proof. Suppose that there is a point in Z U A U A' without a dense orbit. We claim 
that R is not noetherian. 

Let C be the Zariski closure of the orbits of all points without dense orbits in 
Supp(A U ZU A'). Then C is a reduced but not necessarily irreducible curve on X. 
By passing to a Veronese, we may assume that all irreducible components of C are 
(T-invariant. 

Let A' ^ TqA and C ^ C be maximal so that 

A'C C V. 

For all n > 1, let n„ be the closed subscheme of X defined by A'V ■ ■ ■ V""'' (C)"" . 
For any irreducible component F of C, the intersections Wn H F are supported on 
nonsingular points of X of infinite order, which are therefore also nonsingular points 
of F; thus degp(n„ n F) and degp(Z n F) make sense. Because of the maximality 
of A' and C, we have 

(7.7) degp(n„nF) = ndegr(ZnF) 

for all n > 1. 

Fix / / e Ri, and let F ^ divx(/) + Ai. As 

/ e H°{x,ni) c H"{x,A'ic'yc), 

we have that n F D Hi n F. Thus 

degr(/:|r) = Ai.F - F.T > deg^Ui n F) = deg^Z n F). 

We first suppose that this inequality is strict. Thus suppose there is an irre- 
ducible component F of C so that 

(7.8) degr(/:|r) >degr(ZnF). 

Suppose also that Z n F ^ 0. For any p G Z n F, consider the closed subscheme 
Zp = Z\^pj of Z supported at p. For any such p, there is an integer dp > such 
that the Zariski closure of {a-"{Zp)}^^^ is dpT. Let 

d = minjdp | p G Z DT}, 

and let a; G Z be a point with dx = d. 

Let G be the [d + l)-uple curve defined by the Weil divisor {d + 1)F. There is a 
natural map 

cp:B{X,C,a)^B{G,C\G,a\G). 

Let S := (j){R). That is. 

We claim that S is not noetherian. 

Let 'CkIg. For all n, let 5„ be the image of TZn ® Oq under the natural 

map 

The sections in Sn generate the subsheaf 5„ of A^„. Let 
/c = degr(ZnF)=degr(ninF), 

and let 

^ = degr(£|r). 

By dLll), £ > /c> 0. 
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Let :— Tin ■ Or be the image of the natural map TZn ® Or ^ Cn\T- One can 
easily see that the formula for Tn gives a constant c > so that 

degr(f^ n r + M/'n n r) = nfc + c 

for all n > 0. Thus 

deg^S:,) ^ n{t - k) ~ c 

for aU 71 > 0. 

We will work with the nonreduced scheme G carefully. Fix n; let Vn be the 
subscheme of X defined by Iulw„- Let P be the scheme-theoretic intersection 
Gr\Vn- Let SuppP — {pi, . . . ,Pr}- Recall that V is nonsingular at allp^. Therefore, 
P n F is the divisor rriipi + • • • + rrij-Pr on F for some integers rrii > 1. 

If / S Ox, Pi , let / be its image in Or,pi ■ Then for « = 1, . . . , r, there are elements 
fi e {TZnC~^)p. C Ox, Pi so that the valuation of fi in the discrete valuation ring 
Op, Pi is mi > 0. In particular, the image of fi in Ocp; is a non-zerodivisor. By 
taking the locally free rank 1 ideal sheaf on G generated by the images of the fi in 
Ocpi , we obtain an invertible ideal sheaf Afn on G. The sheaf Afn defines a locally 
principal subscheme Q of G, with Q C P, so that the scheme-theoretic intersections 
Q n F and P n F are equal. 

Let J\f^ := Mn ® -Mn', then A/",' is an invertible subsheaf of iS„ with 

degp(ACIr) = degr(5;). 

Thus 

degp(AC|r) = n(;-fc)-c 

for n > 0. 
As 

lim n(l — k) — c — oo, 

n — ^CJO 

by [RS07[ Corollary 3.14] the sequence of bimodules {(A/'^)cr" }n>o is a left and right 
ample sequence on G. Since the cokerncl of 

K - <5„ 

is supported on a set of dimension 0, by jSie09[ Corollary 3.7], {(Sn)a"-} is also a 
left and right ample sequence on G. 
Let 

A:=07?O(G,5„)z". 

n>0 

By Lemma [7^ A is finitely generated as a left and right 5-module. Thus it suffices 
to prove that A is not noethcrian. 

Let J be the (c-invariant) ideal sheaf of rfF on G. Let J be the ideal 



of T. Let £ be the subsheaf VOg of Og- 
There are integers a,no > so that 

for all n > uq; in fact, we may take a = 1. As dT is the Zariski closure of {a'^{Zx)}, 
we have containments 
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Thus for any m > uq and n > 1, we have 
The kernel and cokernel of 

J ® 5„ ^ JMn n 5„ 

are supported on sets of dimension , and { (iS„ ) o-" } is a left and right ample sequence 
on G. Thus by |Sie09[ Corollary 3.7], there is ni so that the sheaf JMn H iS„ is 
globally generated for n>ni. We may assume that ni > hq. Then for any m > m 
and n > TO + no I we have 

i{J<m)-A)n C H°{G,J£^"'^Mn)z'' ^ Jn- 

Thus J is not finitely generated as a right ideal of A. 

If (fTS)) holds and Z n T = 0, then there is some p G (A U A') n T. Suppose that 
p £ A'. Let d be such that dT D (A')p. Let G (rf + l)r and let 5„ be the image 
ofn„(g>OG ^ Cnlc- Let 



A:=0i/O(G,5„)z". 



n>0 



As above, it suffices to prove that A is not noetherian. If J is the ideal sheaf of dT 
on G, then it follows as above that the right ideal 



n>0 

of A is not finitely generated. The case that p e A is similar. 
It remains to consider the case that 

degc.(ZnG) =degc.(/:|c). 

Let r be an irreducible component of C and let rt > 1. Since 

ndegr(/:|r) > degr(r! n F) + degr(W^„ n L) > degr(n„ n L) = ndegr(Z n L), 

we have 
(7.9) 

degr(n„ n r) = ndegr(Z n L) = dcgr(/:„|r) = degr(r! n F) + degr(I^„ n F) > 0. 
Choose some p G Z n F. For all i, let 

Pi := (J-\p). 

By reindexing the orbit of p if necessary, we may assume that pi ^ Z ior i < 0. Our 
assumption on the defining data for TZ implies that if i > 2, then pi ^ ^1U W\. Let 
O :— Ox.p- As usual, we will identify all Ox,pi with O. Note that O is a regular 
local ring of dimension 2, since X is normal by assumption and the orbit of p is 
infinite. Let (3 be the central stalk of R at 0{p); that is, there are integers b, which 
we assume to be at least 1, and N, which we assume to be at least 26, so that for 
n > N and b < i < n — b we have that 

(7?.n)p. = 5- 

The point p has infinite order on F, and so F is nonsingular at p. Let y be the 
local equation of F in O. Thus there is some x € O so that x and y generate the 
maximal ideal m of C 
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For alH > 1, let 

J{i) 0(i?„ n H\X,I^vCn))z'' C R. 
Let d = min{i | G £)}. Let 

A := R/J{d+l). 

We will show that A is not noetherian. We first show that GKdim^l > 2. 

Now, Rn 2 H^{X,XyCn), since F is not contained in the gap divisor Vl. Let 
f €Rn \ H^{X,JtCn) and let F = divx(/) + Aa,. The germ of F at pb is in 
D \ and is thus equal to xr + ys for some r G O \ yO and s G O. Recall 

degr(F n F) = degr(Aw n F) = degr(njv n F) 

by (HH). Since 

/ G H°{X, A'V ■ ■ ■ V"'' {C'Y" Cn) 
and 6 > 1, we see that F does not vanish at pb+Nj unless j — 0. 

Since y'^ G 0, there is some h G Rn so that the germ of H := divx{h) + A„ at 
Pb is equal to y''. Thus we have H = dV + C, where C{pb) ^ 0. 

Let m > 2. For i — 1 . . .m — 1, define 7^ G RNm by 

Then 

divx(7i) + Aat^ = 

F + a-^'iF) + ■■■ + a-^'^'-'^F) + a-^^^H) + + ■ • ■ + a~^("'-^\F) 

= dT + F + --- + a-^^'-^\F) + cr-^XC) + (r-^'-'+^\F) + ■■■ + (7-^(™-i)(i^). 

Fix 1 < i < m — 1. The local equation of divx(7i) + ^Nm at Pb+Ni is equal 
to y'^r] for some local unit rj. On the other hand, if j ^ i, the local equation of 
divx(7j)+Ajvm at Pb+Ni is equal to {xr+ys)y'^P for some 7^ /3 G C In particular, 
we see that modulo y"^^^, the set 

{ij I 
does not generate 7i. Thus the elements 

{7,Z^™ + J(d + 1) I 1 < i < m - 1} C ANrn 

are linearly independent, and dmik{ANrn) ^ Therefore, CKdimA > 2. 

Suppose that A is noetherian. Let Sn be the image of the natural map TZn^Or 
Cn\r- Let 

i?:=i?/J(l) C0i/O(F,5„)z". 

n>0 

Recall from (TfJl) that 



degp(W„ n F) + degr(f^ n F) = degr(/:„|r) 

for all n > 1. That is, 

degr(5„) = degr(/:„|r) - degr(r! n F + VF„ n F) = 

for all n > 1, and dimi7°(F,5„) < 1 for all n. Therefore, GKdimS < 1. 

Each J{i)/J{i+1) is a finitely generated A-module. The A-action on J{i)/J{i+1) 
factors through B. Thus each J{i)/J{i + 1) is also a finitely generated B-module 
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and thus has GK-dimension < 1. The module A a has a finite fihration by modules 
of the form J{i)/J{i + 1); therefore GKdimyl < 1. This gives a contradiction. 
Thus every point in Z U A U A' must have a dense orbit. □ 

Theorem 7.10. Assume Assumption- Notation \7^ Then the surface data 

is transverse, and r(B) is a finitely generated left and right R-module. Further, 
T(D) and T(J}) are noetherian. 

Proof. We have seen in Lemma [TjH that {a"il} is critically transverse and in Propo- 
sition 17.61 that all points in Z U A U A' have dense cr-orbits. By Lemma 12.91 the 
sequence of bimodules {{TZn)a"} is left and right ample. Thus by Lemma mi 
T := T(B) is a finitely generated left and right i?-module. Thus T is noether- 
ian. By Theorem 12.81 the data B is transverse and T(D) is a noetherian bimodule 
algebra. □ 

Corollary 7.11. Let R be a birationally commutative projective surface. Then 
there is transverse surface data 

D = iX,C,a,A,V,C,n), 

where X is normal and a is numerically trivial, and an integer I so that 

C T(B) 

and T(B) is a finitely generated left and right module over 

Proof. By Theorem I6.10[ there are a positive integer i and normal surface data 
B {X, C, cr, A, V, C, 9) so that 

7e(x)W = r(B). 

By possibly increasing I, we may also assume that Ri generates K = k.{X). Thus 
Assumption-Notation O holds for By Theorem [731 T{W) is a finitely gen- 

erated left and right i?(^)-module, and the data B is in fact transverse. □ 

8. Constructing Y 

Let us review our progress towards proving Theorem 110.11 In Theorem I6.10[ 
we constructed surface data B = (X, cr, D, C, i7) for an appropriate bimodule 
algebra TZ associated to R\ in Corollary 17.111 we showed that this data is actually 
transverse, and that T(B) is a finite left and right module over some In some 

sense, we may think of T(ID)) as a normalization of R, or more properly of R'^^^; 
note that the variety X given in Theorem 16. 101 is normal. 

Of course, there is no guarantee that R is really associated to a normal variety. 
Modifying X to find the true surface associated to R turns out to be quite technical. 
In this section, we construct the scheme Y on which R actually lives by carefully 
studying the rational maps on X defined by the sections in 

We will assume that we are in the situation of Assumption- Notation 17.11 By 
Theorem 17.101 the data B is transverse. 

Notation 8.1. We establish notation that we will use throughout the section. For 
any n > 1, Rn defines a rational map 

X - -^^N 
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that is birational onto its image. Let Yn be the closure of the image of X; we also 
use Pn to denote the induced birational map from X to F„. If we let a'„ : X'^ — > X 
be the blowup of X at the base locus Wn of then by |Har77[ Example II. 7. 17.3] 
there is a birational morphism 7,'^ : Y^ such that the diagram 




commutes. Let An : X„ — > X'^ be the normalization of X'^, and let a„ := a^An 
and 7n := 74A„. Thus we have 




for all n > 1. Note, that as X is normal, is defined at all points in X \ Wn- 
Let W be the set-theoretic cosupport of ADC and let 



u 



0{p). 

That is, W is the union of the finitely many (dense) orbits that meet some Wn- 
Let U := X \ W. Note that all /3„ are defined at all points in U- For any n > 1, 
let En be the exceptional locus of a„. Then a„ induces an isomorphism from 
Xn \ En — > X \ Wn- Let [/„ q;^^(C/). We caution that Un is not Xn \ i?n. 

If iV > n > 1, let TT,^ : Y/v ^ l^n be the birational map induced from the 
multiplication Rn{RN-nY ^ and Lemma [5.13i with E = (T~"(ri). That is, 
the diagram of birational maps 

X-'-^Yn 
^ I 

Yn 

commutes, and for any x G U \ cr^"(r2), tt^ is defined at /3n(x). Likewise, the 
multiplication Rjs -n{RnY ^ gives a commuting diagram of birational maps 

X - - ^ Fat 

\ I 

The map is defined at Pn{x) if a; £ L/ \ cr-(^-")(17). 

We record for future reference an elementary lemma on birational maps. 

Lemma 8.2. Let (3 : X Y be a birational map of projective varieties that is 
defined and is a local isomorphism at x € X ; let y := P{x). Then (3~^ is defined at 
y; in particular, if x' Cz X with (3{x') = y, then x' = x. 
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Proof. This is almost tautological. The fact that /3 induces an isomorphism between 
the local rings OY,y and Ox,x means that there are open neighborhoods x € V C X 
and y e y C y so that /3 restricts to an isomorphism between V and V. This 
means that gives a well-defined map 

V' ex. 

This precisely says that the birational map /3~^ : y — > X is defined at y. □ 

For all n > 1, let An be the set of points p G U such that /3„ is not a local 
isomorphism at p: that is, the set of p such that the induced map from C'y'„,/3„(p) — * 
Ox,p is not an isomorphism. Write An as the disjoint union An = C„ U Qn U -fru 
where C„ is the intersection of a curve in X with U, Qn is 0-dimensional and 
supported on points of infinite order imdcr cr, and P„ is 0-dimcnsional and supported 
on points of finite order. By assumption on the cardinality of k, any curve in X must 
meet U in uncountably many points, and so the sets C, P, and Q are well-defined. 

Proposition 8.3. There is some mi such that A^i is a-invariant and An = A^m 
for all n>m\; further, Cmi C U and Qmi = 0- 

Proof. Let y E U and let > n > 1. If is defined at ^Niv) and /?„ is a local 
isomorphism at y, then from the inclusions 

clearly /3jv is a local isomorphism at y. As tt^ is defined on /3„(C/ \ cr~"ri), we see 
that 

An C A„ Ucr""f2. 
Making the same argument with the map p^, we obtain that 

Thus 

(8.4) A„+„ Ca-'"(i7UA„)n(A„Ua-"f^) 

for any n, m > 1. In particular, 

Cn+m C U Cn) H (C„ U <j-^Q.) 

for all n,m> 1. 

Fix n > 1. Then cr-"rj n cr-^fi is finite for m > 0. Further, C„ n (j-^O and 
cr~'"C„ n cr~"rj are finite for m:s> 0. Thus for m » 0, we have 

Cn+m C C„ n (7 ^ Cn ■ 

Either Cn+m = for m » 0, or C„ contains a tr-invariant curve C so that C„-|-m = 
C for TO » 0. In either case, there is some ni such that if n > ni, then C„ = C„i 
and cr(C„J — Cm- Let C := Cm- 

Now C is a curve in ?7; let C be its closure in X. Then C is also cr-stable, and 
since all orbits in W are Zariski-dense in X, we have WflC = 0. Thus C = C C U. 

For n, TO > ni we have 

Qn+m C An+m C (J-^"" {Q U C U 0„ U P„) O (C U Q„ U P„ U (7-"f7) 

= CU U Q„ U P„) n {Qn U P„ U . 

As 

Q„nC = Q„n<7-'"((7) = 
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for n > ni, and Qn H a^{Pm) = for all n, m, k by definition, we see that 

Qn+m C a-'"(r! U Qn) H (Q„ U a-"f7) 

for n > ni and m > 1. 
Choose fc such that 

(8.5) nr\(7-'^nn---na-''n = ili. 

Such fc exists because, by transversality of the data D, O contains no forward a- 
orbits. Choose n2 > n,i such that if n > n2, then we have for i = 0, . . . , k that 

We may do this because each finite set Qm+i is supported on infinite orbits and 
{cr^ri} is critically transverse. 

We have for i = 0, . . . , /c and for r >n2 that 

and so = for r > n2 by (|8.5p . 

Finally, O does not contain any points of finite order, and by construction P„ is 
disjoint from C and from Q^- Thus (|8.4p implies that 

P-n+m Pn^<y Pn 

for all n, m > ni. Thus there is some > n2 such that P„3 is cr-invariant, and 
P„ — P„3 if if n > 723. The result is proven for mi := n^. □ 

Notation 8.6. Let nii be the integer given by Proposition 18.31 Let A := A,n-^, 

C Cmn and P := Pm^- Recall that Q„ = for all n> rrii. 

Corollary 8.7. For n > mi, the only curves in Xn that are contracted by 7„ are 
contained in the exceptional locus En of an ■ In particular, the map 7„ is finite at 
all points of [/„, and /?„ is finite at all points of U . 

Proof. Suppose that n > mi and that 7„ contracts some irreducible curve T that 
is not contained in P„. By assumption on the cardinality of k, F meets C/„. By 
construction, F n C/„ C q;^^C„ — a^^C. Now, as a„ is an isomorphism away from 
En, the curve an^{C) is closed in Xn- Thus 

F = rnUn C an\C) = a-^c. 

This means that a„(F) C C C C/, so q;„(F) is disjoint from Bs(P„). As /3„ contracts 
the curve a„(F), Lemma [5.111 implies that A„.a„(F) = 0. This contradicts the 
ampleness of A„ by the Nakai-Moishezon criterion ( [Har771 Theorem V.LIO]; see 
[Laz04( Theorem 1.2.23] for a reference that includes singular surfaces). As a„ is a 
local isomorphism at all points in the statement on /?„ follows immediately. □ 

We recall some terminology from commutative algebra. Let i? be a commutative 
noetherian k-algebra, and let T be its normalization. Recall that the S2-ification 
of R is the unique minimal k-algebra S CT such that R C S and S satisfies Serre's 
condition 82- More explicitly, 

fl Rp. 

P&SpecR 
htP=l 
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See |Kol85| Definition 2.2.2(ii)] and subsequent discussion. 

We give a lemma on the domain of definition of birational maps of S'2-ifications. 

Lemma 8.8. Let T be a normal commutative domain that is a finitely gener- 
ated k-algebra, and let R, R' C T be finitely generated subalgebras so that T is the 
normalization of both R and R' . Let S, respectively S' , be the S2-ification of R, 
respectively R' . Suppose that the induced birational map 

TT : Spec R ^ Spec R' 

is defined away from a locus of codimension 2. Then the induced birational map 

C : Specs'- - ^ Spec S" 
is defined everywhere; that is, S" C S*. 

Proof. Because tt is defined in codimension 2, for every height 1 prime P of R, tt 
is defined at the generic point of V{P) C Speci?. That is, for every height 1 P, we 
have R' CRp. Thus 

R' Q n Rp^S. 

PeSpccR 
htP=l 

By minimahty of the S'2-ification, S" C S. □ 

Proposition 8.9. If n ^ 0, then the rational maps 7r^ , i ^n-\-i — ^ are 

local isomorphisms everywhere on the image of U ; in particular, they are defined 
everywhere on the image of U . 

Proof. We continue to let mi, A, C, and P be as in Notation 18.61 In particular, if 
n > mi then 7^ : X„ — > F„ is a local isomorphism at all points in Un\a^^{CUP). 

Let n > mi. Recall that ii x G U \ (J~"-{^1), then tt^"^^ is defined at Pn+i{x). As 
(T~"(f7) contains no points of finite order, 7r"+^ is defined at all points in Pn+i{P)- 
We saw in Corollary 18.71 that is finite at all p G U, and in particular, at all 
p G P. By finiteness of the integral closure, there is some m2 > mi so that if 
n > m2, then tt"'^^ is a local isomorphism at all points in /3„_|_i(P). 

Let n > m2. Now, let a; G ?7 \ A. Then /3„+i and Pn are local isomorphisms 
at x, and thus by Lemma [8?2l P^+i defined at Pn+iix). Thus 7rJJ;+^ = PnPn+i 
defined and is a local isomorphism at f3n+i{x). 

The only points where 7r"+-'^ may not be defined thus lie in /3„+i(CnCT^"(ri)). If 
X gU ((T~"(n) n C), then 7r"+-^ is defined and is a local isomorphism at Pn+i{x). 

The intersection cr^" (il) DC is finite by transversality of O, since C is a-invariant. 
Thus TT^^^ is defined at the generic point of each component of of /3„-|_i(C). As 7„ 
is finite at each point of f/„, by finiteness of the integral closure there is TO3 > TO2 
such that if n > m^, then ir'^'^^ is an isomorphism at the generic point of each 
component of /9„+i(C). 

For each n > m^, let (5„ : Z„ — > Yn be the projective variety obtained by taking 
the S'2-ification of Yn at all points in /3„(C). Since Xn is normal, the birational 
morphism 7„ : Xn — > Yn factors through Z„. There are thus a birational morphism 
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e„ : Xn — > Zn and a birational map 77,1 : X —> Zn so that the diagram 




commutes. In particular, rjn is defined at all points of U . 

Let Cn^^ ■ ^n+i ~* -^n be the induced birational map such that the diagram 



+ 1 



(8.10) X - z,,+i —U r„+i 

I I 

AY V 

commutes. We claim that for n > m^, that the rational map C"^^ is defined at all 
points of ?7„+i(J7). 

Let p £ U \ (C U P). Then and therefore rjn+i is a local isomorphism at 

p, so, using Lemma [H21 = ilnVn+i defined at rjn+iip)- 

If p e P and /3„+i(p) ^ /3„+i(C), then by our choice of n, the map tt^^^ is a 
local isomorphism at /3„+i(p). Thus /3ra(p) f3n{C). By construction (5„ is a local 
isomorphism at ?7n(p) and so Cn"''"'^ = ^n^''^n^^^n+i is defined at r]n+i{p)- 

Now let p & C. We have seen that 7r"+^ is defined on /3„+i([/), except at a 
0-dimensional locus contained in /3„+i(C). It follows from Lemma 18751 that Cn~^^ is 
defined at ?7„+i(p). This completes the proof of the claim. 

Using finiteness of the integral closure again, we may choose 771,4 > 1^3 so that 
Cn'^^ is a local isomorphism at all points of r]n+i{U) for n > 7714. For n > 7714, let 

Fn — {p C \ S„ is not a local isomorphism at 77„ (p) } . 

As (5„ is finite, the set F„ is finite. Arguing as in the proof of Proposition 18.31 and 
using the maps Cn^™i '^^ have that 

Fn+m c (F„ u a-'"{n n c)) n <j-"'{f„ u (r* n c)) 

if 71 > 7714. Since OnC consists of finitely many points of infinite order, for n, 777 ^ 
we have that 

a-'\n n c) n ct"™(f„ u{nn c)) = f„ n a-"\n n c) = 0. 

Thus for 777 , 77. ^ 0, we have that 

and so for ?7 3> 0, we have that Fn = Fn+i is cr-invariant. In particular, FnOcr^^il = 
0. This means that 6n+i is a local isomorphism at all points of 7;„+i((T~"i7 n U). 
By (jSTOll . <+i = SnQ+^S^l^ is defined everywhere in /3„+i(cr-"^2 n C/). Thus 
7r^+"'^ is defined everywhere in /3„+i([/) for n > 7774. 

The argument that for n ^ 0, p'^^^ is defined everywhere on f3n+i{U) is com- 
pletely symmetric. By finiteness of the integral closure, we see that for n both 
ttJJ^^ and p^^^ are local isomorphisms at every point of /?„+i(C/). □ 
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We establish some more notation, which we will use in the next few results. 

Notation 8.11. Assume Assumption-Notation 17. Il Let m be such that for n > 
TO — 1, the rational maps ttJJ'*"^ and p^^^ are defined and are local isomorphisms 
at every point in 7„_|_i(J7). We call Ym a stable scheme for R. Let C d U he 
the (T-invariant curve where is not a local isomorphism, and let P C ?7 be the 
(T-invariant 0-dimensional subscheme where 7m is not a local isomorphism. Let F 
be the (T-invariant subset of C that maps onto points where Ym does not satisfy 5*2 . 
For all n > 2, we define a birational automorphism t„ of Yn by setting 

By construction, t„7„ — 7„(T as birational maps. Proposition 18.91 implies that for 
n > TO, T„ is an automorphism of "fniUn)- 
For all n, TO > 1, we define birational maps 

n+m n+m , y . Y 

where pJJ"''™ := {an)^^an+m and r"+™ := a:^^(T"^an+m- By construction, we have 
and 



n+m _ „,n+m 

'Ifi /n+m — InPn 



n+m _ n+m 

Pn f n+m In ' n 

as birational maps from Xn+ryi to y„. 

Recall that is the cosupport of AVC, that W — IJpew '^(p) and that U = 
X \ W. The map /3m is defined and finite at every point of U . Heuristically, it 
may fold U along C or pinch U into a cusp at some point of P. At points of F, (im 
does some additional cusping, since there Ym fails 5*2. We will construct a finite 
morphism 9 : X ^ Y hy cusping and folding U along C, P, and F , and gluing in 
the points of W. 

There is one technicality still to dispose of: in order to glue as described, we 
need the sets 

and 

7™(«mHW)) 

to be disjoint, at least for large to. Proving this is the content of the next few 
results. 

Ideally, this result would be a consequence of some sort of ampleness statement, 
since we are trying to show, roughly speaking, that the 7m separate points of Xm 
for TO large. Unfortunately, we have not been able to prove this directly. Instead, 
we analyze in detail how our various birational maps affect W. To do this, we 
establish more notation. 

Notation 8.12. Fix w & W . For any n e Z, let u;„ := Let O = Ox,w 

and identify all Ox.w„ with O as usual. Let a :— {XfiA)w, let c := C^, and let 

Let m" be the germ of 7?.„£^^ at wi, regarded as an ideal in O, as usual. By 
assumption, we have: 

• mjf = a; 

• if — I then m" = 0; 

• m" = c; and 
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• if i < or i > n then m'i_^_j = O 



for all n> 1. 

We define subschemes 



and 



Ea ■■= ^{wn), 



:— ^(w2) 

of X^. That is, i?o is the exceptional locus obtained by blowing up the ideal 3 and 
normalizing, and similarly for E^ and E^. 
For any n > 1 and i G Z, define C F„ by 

(8.13) E^:=^^{a-\w,)). 

Lemma 8.14. Let w G W. Then for all n,m > 1 the map p""'''" is defined 
at all points in a~^j^{0{w) \ {u>„}), and is a local isomorphism at all points in 

}). Likewise, rJJ;+™ is defined at all points in 
a~\^{0{w) \ {wm\) and is a local isomorphism at all points in a~^^{0{w) \ 

{wo,...,Wm])- 

Proof. Fix n, m > 1 and let w G W. By definition, SuppWn C {wq, • ■ • ^Wn], and 
so the map a„ is a local isomorphism at all points in a~'^{0{w) \ {wq, . . . , Wn})- 
Furthermore, as mg = a, we have that a~^{wo) = Ea- Likewise, a~^{wn) — E^, 
and for 1 < i < n — 1, a~^{wi) = E^,. 

Therefore, if i < or i > n + m, then pj^^™ = a^^a„+m is defined and is a 
local isomorphism at the point a~^^{wi). For < j < n — 1, the stalks m"'*'™ and 
m" arc isomorphic. Thus a~^an+m extends to a map that is defined and a local 
isomorphism at all points of a~_^_^{wi). For n+1 < i < n + m, is defined at Wi, 
so p""'"^ is defined on a^+^Cwi), although it is not necessarily a local isomorphism. 

Wo repeat this analysis for the maps r"+'". Ifi<Oori>n + m, then Q:„,+ni 
is a local isomorphism at the point a^^^{wi), and is defined (and is thus 
a local isomorphism) at = a"^{wi). Thus r"+"* = a~^a'^an+m is a local 

isomorphism at a~^^{wi). Um + l<i<n + m, then a~^„(?y7i) = a^^ (wi^m) 
and r"^'" extends to a local isomorphism at all points in a^^^{wi). Finally, if 
< i < m — 1, then is defined at Wi-m and so r^^™ is defined on a~]_^{wi). □ 

Lemma 8.15. Let w GW. 

(1) For m,n > 1, if i ^ n then 7r"+'" is defined at all points in = 

(2) For m,n > 1, if i m then pj^^™ is defined at all points in E"^"^ = 
jn+mia-lM), and pl+--{E^+"^) = El_^. 

Proof. (1) On Xn+rm the rational functions in Rn+m define the morphism 
The rational map induced by i?„ is easily seen to be 

n+m Trn+m ■ Y ^ --->• Y 


and the rational map induced by ii„ is 

n+m rP+i^r,, ■ Y V 

im' m — l^m I n+m • -^n+m ■*-m' 
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li i ^ n, then p5^+™ and r^™- are defined at all points in a.^\.^{wi). 

We wish to apply Lemma 15.131 To do so, we must calculate the divisors and 
base loci on Xn+m associated to the vector spaces Rn+m, Rn, and i?^^ . 

For < « < m + n, let Fi be the effective exceptional Weil divisor a~]^^{wi). 
Now, Ip. is the expansion of m"^'" to Xn+m- By |Har77[ Proposition 7.1], the 
expansion of m"''"™ to is Cartier; the ideal sheaf Ip. is its puUback to X^+m 

and is thus also Cartier. 



By Lemma we have 



F^ ^ {Rn+rn^ — ^n+m-^n-\-m Fq ■ ■ ■ Fji+m- 



Let G3 := £'^"+'"(i?„+„0. Let 

Gi :— a^+m^n — Fq — ■ ■ ■ — Fn-l, 

and let 

G2 a*_|_^Cr "Dm — Fn+l ■ ■ ■ ~ Fn+m- 

By assumption, Gi — D-^"+'"{Rn) and G2 — ) are both effective and 

supported on F„. That is, the base locus of the rational functions in i?„ with 
respect to the Cartier divisor Gi is contained in F„ . Likewise, the base locus of the 

rational functions in i?^ with respect to the Cartier divisor G2 is also contained 
in Fn- 

We now apply Lemma [5.13l to the multiphcation i?„i?„j C Rn+m- We have that 
G3 - Gi - G2 = ~Fn + Q!*^„cr""f2. 
Now, a~'^Vl n 0{w) C {wn}- Thus by Lemma [5.131 the rational map 

n+m _ ( n+WL \ -1 .y y 

"n ~ V'n In+mj In+m ■ ^ n+m ^ J- n 

is defined at every point of -fn+miFi) for every i ^ n. That is, ii i n, then tt^^™ 
is defined at all points of E^+"\ That = E^ is immediate. 

The proof of (2) is symmetric: we use the multiplication R^Rn ^ Rn+m- O 

We will use the combinatorial Lemma [6^ to study 7r,"+™ and p"'*'™ for large n. 

Definition 8.16. Let X be a scheme and let i? C X be a proper closed subscheme 
of X. A birational image of E is an open neighborhood U of E in X, together with 
a proper birational morphism 

</):[/-> y 

to some scheme V, such that (/>|c/\-E is an isomorphism onto its image. 

We put a preorder ^ on the collection of birational local images of E as follows. 
Let 01 : J7i Vi and (j)2 ■ U2 ^ V2 be two birational local images of E. Then 
we say that (/>i covers 4>2 and write (pi )p 02 if there is an open neighborhood V' 
of 4>i{E) and a morphism -0 : T^' V2 so that V'0i — 02 as birational maps from 
[/ to V2 . If 01 ^02 ^= 01 , we say that 0i ~ 02 . The local images of E are the 
w-congruence classes of birational images of E] we denote the partial order on local 
images of E induced by ;>= by >. 

Lemma 8.17. Let E he a proper closed subscheme of X and let M &e a collection 
of local images of E. Then (M, >) satisfies the ascending chain condition. 
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Proof. Let {0„ : X Vn} be an increasing sequence of representatives of local 
images of E. Then there are birational maps ipn ■ Vn Vn-i, defined on a 
neighborhood of (j)n{E), so that the diagram 



X 



I 

I V-Ti 

A y 

Vn-l 



commutes for all n. In particular, we have 

Avin{(j)i{E)) < dim{(p2{E)) < ■ ■ ■ < dim(£'). 

Therefore dim(/)„(_E) is equal to some constant d for n > hq. 

Let n > no and choose h < dimi<^. Let be the set of a; G £' so that there is 
an irreducible component of 4>~^(j)n{x) of dimension > h. Now, 

C+i0n+i(a;) c 0;^+iV;"+iV'n+i'/>n+i(a;) = '/',T+i V',7+1 (a;) = 

Thus W^_^_l C W^. There is thus some ni > no so that for n > ni, we have 
= W^^j^i for all < /i < dimi?. We claim that for n > ni, ipn is finite. 

To see this, suppose the claim is false. Then there is a positive-dimensional irre- 
ducible subscheme C in (j)n{E) that V'n contracts to a point. Let e := dim(/)~^(C) — 
dimC and let / :— dim(/)~^(C); note that / > e. Now, a generic point in (/)~^(C) 
is in but not in W.l. However, we have 0^^(C) C wj^_i. But n — 1 > ni so 
= Wl^i- This gives a contradiction. 

Thus for n > no there are open neighborhoods of 0„(£') so that ■0„(y^) C 
V^_]^ and so that ipn\v^ is finite and birational. By finiteness of the integral closure, 
for n ^ the map Tpn is a local isomorphism at all points of 0„(_E); that is, for 
n 3> we have 0„ ~ 4>n+i as claimed. □ 



Lemma 8.18. Let w G W . Define Ef as in (j8.13p . T/ien f/iere are integers ni 
and h>\ so that: 

(1) If n > ni and i < n — b then for all m > 1, ttJJ^"' is a local isomorphism at 
all points ofEl'+"^. 

(2) If n > ni then for all m > 1 and i > m + b, p"^™ is a local isomorphism at 
all points of E^+"' . 

Proof. It suffices to prove the lemma for m — 1. Our key claim is that the {E" \ 1 < 
i < n — 1} are a set of birational local images of Ex, that satisfy the hypotheses of 
Lemma 16.61 

More precisely, fix i > 1 and n > i + 1. By Lemma 18.141 the birational map 

= ipT+^rHr^-"')-' ■ ^2 — 
is defined and is a local isomorphism in a neighborhood of E^ . Let 

This maps E^, onto E" and is a birational local image of E^ . 
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Consider the diagram 



^ X„ 



By Lemma [8.151 7rJJ+^ is defined on E"^^, so a"^^ )p a". Likewise, consider the 
diagram 



"■7+1 

Xo --^Y, 



ri+l 



By Lemma IHISl p^^+i is defined on Thus a^_+^ ^ 

Let M {af | 1 < i < n - 1}. By Lemma [STfl (M, ;>=) satisfies the ascending 
chain condition. Applying Lemma 16.61 we see that there are some N^b so that if 
n> N and 1 < j < n—b, then w a"^^ (as local images of E'o); and if & < j < n— 1 
then a" « That is, if 1 < j < n — b, then ttJJ^j^ is a local isomorphism at all 

points of E", and if b < j < n — 1 then p^-i is a local isomorphism at E". 

Now let i < 0. Note that a" is defined on a2^{wi) for all n > 2. Further, if 
tti is a local isomorphism at a^^(?i;i), then so are all a". There are finitely many 
i < where is not a local isomorphism at a2^{wi). Since 7r"_;^a" = a"~^, we see 
that a" )^ a"""'^ as local images of a^^(i/;i). Thus by increasing N if necessary, we 
may ensure that tt""*"^ is a local isomorphism at ^^"^^ for all n > A*" and j < n — b. 
Likewise, and again increasing N if needed, we may ensure that p""*"^ is a local 
isomorphism at -E"^^ for all n > and j > b. □ 

We are finally ready to prove: 

Proposition 8.19. Assume Assumption-Notation \7. 1] and Notation [8AJ\ For all 

n 3> 0, the sets 7n(Q!^"'"(W)) and 7„([/„) are disjoint. 

Proof. Let w G W, and adopt Notation 18.121 Let ni and b be the integers con- 
structed in Lemma [8.181 let A^ > max{ni,2&} be such that for n > N, Tn is an 
automorphism of 7„(C/„). This exists by Proposition 18. 91 

Suppose there is some e G En and u gUm such that 7Ar(e) = ^n{u) = x. As e 
and u are in different connected components of 7^^ (x), clearly x is of finite order, 
say k, under r. Let i be such that aAr(e) — wt. 

First suppose that i < N - b. U i > 0, \ei n := N + {i + l)k; if i < 0, let 
n := N + k. As i < N < n, {p'^y^ is defined at e; let e' := (p^)"He). Let 
u' := Then 

7i"w7n(w') = 1nPn{u') = x = jNPNie') = 7r]^7«(e')- 
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Note that i < N, so tt]^ is defined at 7n(e'). By the choice of N and n, tt^ is 
one-to-one on 7„(C/„) U and so 

7n(e') = ln{u'). 

But now, as {tn)^{x) — x, we have 

X = ^lin{e') = ^]^(T^)"-^7„(e') = plln{e') = 7ivr^(e'). 
Our assumption on i ensures that n — N ^ i and so r^{e') is weh-defined. As 

we see that r]^(e') ^ {e', u}. We have produced a new point in ^~^^{x). Continuing, 
we may produce infinitely many such points, which is impossible. Thus i > N — b. 

Arguing symmetrically, we obtain that i < b. Since N > 26, we see that no such 
e can exist. □ 

We now construct Y. 

Theorem 8.20. Assume Assumption-Notation \ 7.1\ Then there are a projective 
variety Y and a finite birational morphism 9 : X Y such that for all n ^ the 
rational map from Y to P^" induced by the rational functions in i?„ is a closed 
immersion at every point of Y \ 9{W). Further, there are a numerically trivial 
automorphism (j)ofY such that 9a = 4>9, an ample and (j)-ample invertible sheaf M 
on Y so that 6* M = C, and a locally principal subscheme $ ofYso that 17 = 0*$. 
For this Y , A4, and cj), we have R C B{Y,A4,(p). For n ^ 0, the rational functions 
in Rn correspond to sections of the invertible sheaf I,^MM'^ ■ ■ ■ M'^ , and their 
base locus is equal (set-theoretically) to 6{Wn)- 

Proof. We continue to use Notation 18.11 and Notation lS.lll so m is such that Y„i is 
stable, and C U P is the subset of U on which /3„i is not a local isomorphism. By 
Proposition 18.191 by increasing m if necessary we may assume also that 

(8.21) 7m(«;;'(W))n7rn(C/m) =0. 

Let T be the birational automorphism t,„ of Y,-a . 
Let C W be the set 

{x e W I either is undefined at x or j3m is not a local isomorphism at x}. 

Thus H — {hi, . . . , hs} is the finite set of "bad points" of that do not lie on 
CUP. Let G := a-\H). 

We claim that the sets /3™(t7 \ (CUP)), /3™(C U P), 7m(G') = -ima':^{H), 
and 7ma~^(W \ H) are pairwise disjoint. To see this, recall that is a local 
isomorphism at aU points of X \ (C U P U i/). Thus if x G f/ \ (C U P), then /S'^ 
is defined at (3rn{x). As is defined at x, if x' G Xm with 7m(x') = I3m(x), then 
x' — a~^(x). Thus /3m{U \ (C U P)) is disjoint from the other three sets. That 
/3m(CUP) is disjoint from the other sets follows; recall that f3m{U)rijmCt^ C^) = 0- 

If X G a„^(W \ H) and x' G a;n^{W) with 7m(x) = 7m{x'), then note that /3~^ 
is defined at 7m (x). Therefore, 

amix') = P'^Jmix) = a.m{x) 

and x' ^ a~j^{H). This completes the proof of the claim. 
To construct Y , let 

:= a: \ (C U P) 
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and let 

V2 :=y„\7„(G). 

Let V12 := Vi n amlm^{y2), and let V21 = V2 n 7™a„^(Vi). By the claim just 
previous, V12 — Vi\H and V21 = V2 \ /3m(C U P). Further, l3„i{Vi2) = V21; note 
that Pm is defined and is a local isomorphism at all x £ Vi2. 

As /3m defines a bijection between V12 and V21 that is a local isomorphism at each 
point, it is an isomorphism between V12 and V21. By [Har771 Example 2.3.5] there 
is a scheme Y given by glueing Vi and V2 along the isomorphism f3rn '■ V12 V21. 
For i = 1, 2 let 'i/'i be the induced map from Vi to Y. 

We now construct the automorphism of y. Let 

We define morphisms 

01 := -.Vi^Y, 
hi ■■= ^if^p-^ ■■ V21 ^ Y, 

and 

(l>22 ■= i^2T ■ V22 Y. 

We check that (f>i, 021, and 022 are well-defined; that is, that they are in fact 
morphisms. First, Vi is cr-invariant by construction, so cr(Vi) C Vi and 0i is 
wcU-dcfincd. Since P^^{V2i) = V\2 Q Vi, 02i is also well-defined. Now, if y G 
V22 n 7m(f/m), then, using l|8.2ip . we have that T(y) e 7m(f/m) Q V2 and so 022 
is defined at y. Finally, if y G V22 n7ma~^(W), then is defined at y. Let 
X = /3~^(y) e W \ \ a^^{H). As a{x) ^ H, the map r = l3mcrl3~^ is defined 
at y. Further, /3m is a local isomorphism at cr(a;), and so j3m<7{x) ^ ^rn{G) and 
T(t/) e V2. Thus ip2 is defined at r(y). 

We next claim that V'2iUV22 — V2. To see this, let y e ^2x^22 = 7ma~^(cr^^iJ)n 
V2. Then there is x e a~^{H) so that y e 7^0" ^(x); as y e V2, therefore x ^ H. 
As a; is certainly not in C U P, we see that x e V12, and (3m{x) — y G V21. 

The diagram 

V2 

/ \ 
^ /5™ ^ 

\ / 
\ / 

Y 

of rational maps commutes by construction. Note that the left side of this diagram 
gives 021 and the right side gives 022, considered as rational maps from V2 to 
Y. Thus 021 and 022 agree where both are defined; in particular, they agree on 
V21 n V22- By jHar77[ page 88], the morphisms 02i and 022 glue to give a birational 
morphism 02 : V2 ^ Y. It is clear that 0i — 02/3m on V12, and so 0i and 02 glue 
via (3rn ■ V12 V21 to give a morphism : y — > y. As is a local isomorphism at 
every point of y, it is an automorphism of Y by Lemma 18.21 

Now let V3 := X \ H. Note that P^n is defined on V3, and /^^(Fa) = V2, by 
dHUIl)- Define 

V's := ^-2/3™ -.V^^Y. 
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Now, V3UV1 — X, and V3 (iVi ~ Vu- By construction, -03 = ipi on V12. Thus we 
may glue tpi ^Lnd tps to obtain a morphism 

Clearly 6a — <j)6. Furthermore, as both 7/13 and ipi are finite maps, 9 is finite. 

Clearly Y is integral. We claim that Y is also separated. To see this, consider the 
diagonal Ay — {{y , y)} Y x Y . This is the image of the diagonal Ajf Q X x X 
under the finite morphism 9x6. As X is separated, Ax is closed. By |Har77[ 
Exercise 3.5] the finite morphism 9 x 6 is closed. Thus Ay is also closed, and so Y 
is separated. Thus y is a variety. 

For all n > 1, the rational functions in i?„ induce a rational map iin ■ Y ^ P^" 
for appropriate N^. By construction, for n > m, the indeterminacy locus of /i„ is 
equal to 9{Wn)- In particular, it is contained in 6{W) and so supported at smooth 
points of Y. Further, note that if n > m and x G d{U), that locally at x the rational 
map fin factors through the local isomorphism 

Thus fin is locally a closed immersion at any point of F \ 9{W). 

By resolving the indeterminacy locus of we obtain a variety Y^, a morphism 
^„ : — > F and a morphism Vn ■ YJ^ ^ P^" so that the diagram 

Y' 

n 

Y - -"^ p^" 
commutes. For all n, let A/'„ :~ 1^*0(1) and let 

Away from the indeterminacy locus of fin, ICn is isomorphic to /i*0(l) and is 
invertible. As any rank 1 reflexive module over a regular local ring is invertible, 
is invertible on the indeterminacy locus of fin as well, and therefore is an invertible 
sheaf on Y for all n>m. Thus i?„ C H"{Y, ICn), and the (set-theoretic) base locus 
of the sections i?„ of /C„ is precisely 6{Wn) for n> m. 

For n > m, consider the Weil divisor corresponding to the invertible sheaf 0*ICn 
on X. Away from the finitely many points in Wn, this is equal to A„ — f2. As X is 
smooth at all points of Wn, by extending this equality to all oi X, we obtain that 

InCn^OxiAn-n)^9*ICn 

for n > m. 

Let M := (/C,„(/C„+i)-i)'^~'" , and let Z := /C„i ® X • • • ® TW^""'. Then 
e*M = {{InCn.){InCm+i)-'y'"^ = {^"'Y'"^ ^ C, 

and 

9*Z = [TnCm)~^ Cm — [In)~^- 
As 9*Z is an effective Cartier divisor, so is Z; that is, is an ideal sheaf defining 
a locally principal curve on Y . We will denote this curve by by construction, 
9*^^n. Note that /C„ = X<s,Mn- 
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Recall that C, is ample. As d is finite, M. is ample by [Gro6H Proposition 2.6.2]. 
Thus Y carries an ample line bundle and so is projective. The numeric action of 
is clearly still trivial, and so is also 0-ample by [AV90[ Theorem 1.7]. We have 

:R„c7?o(y,/c„)ci/0(r,A^„). □ 

We remark that the fact that y is a projective variety may also be deduced from 
[RS061 Proposition 7.4]. 

9. SURJECTIVITY IN LARGE DEGREE 

Let D = (X, £, cr, ^, P, C, fi) be transverse surface data, and suppose that R C 
T{p) is a graded ring. In this section, we digress for a moment to establish sufficient 
conditions for i? and r(D) to be equal in large degree. Our methods involve reducing 
the question to one involving subrings of twisted homogeneous coordinate rings of 
CT- invariant curves on X. We wish to use the results of [AS95| on subrings of 
idealizers on curves; however, as those were proved only for reduced and irreducible 
curves, we repeat the proofs here in a more general context. 

Theorem 9.1. Suppose that the surface data 

D = {X,C,'7,A,V,C,n) 

is transverse. Let T := T(D) and let T T(D). Let R be a subalgebra of T with 
Ri ^ 0, and fixO ^ z e Ri. Let Rn := RnZ~^ and let TZn{X) := 'Rn-Ox- 

Suppose that TZn{X) = Tn for n 3> 0. Let W be the cosupport of ADC and let 

W:= U 0{p). 

Further assume that for all n ^ 0, the rational map defined on X by the rational 
functions in i?„ is birational onto its image and is a closed immersion at each point 
inX \W. Then i?„ = r„ for n > 0. 

We will prove Theorem 19.11 in several steps. We first establish some notation. 
If r is a CT- invariant proper subscheme of X , then a restricts to an automorphism 
of r, which we also denote by a. For any such F, let Bp = B{T, £|r, cr). We may 
consider T and R to be subrings of B{X, £, cr); we will let Tr, respectively i?r, be 
the image of T, respectively R, under the natural map from B{X, C, a) to By- 

Proof of Theorem \9.1\ By Lemma [2.9) the sequence of bimodules {(72.„)(jn} is left 
and right ample; thus by Lemma 17.41 T is a finitely generated left and right R- 
module. Let J; := l.annFi(T/R) and let Jr '■= r.annR(T/R). Note that Ji is a 
graded right ideal of T and that Jr is a graded left ideal of T. Our assumptions 
imply that R and T have the same graded quotient ring, and thus Ji and Jr are 
nonzero. Let K :— JrJi- Then ii' 7^ is a nonzero graded ideal both of R and of 
T. Note also that by Theorem 12.81 both T and T are noetherian. 

By |Sie09[ Proposition 4.10], there is a tr-invariant ideal sheaf K, on X such 
that for n ^ 0, we have Kn — H'^ {X , ICTZn) z" . Let F be the a-invariant closed 
subscheme defined by JC; then dimF < 1. By transversality of the defining data for 
TZ, the tr-invariant subscheme F is disjoint from W, and n F consists of points of 
infinite order. Let J be the ideal sheaf on F of the scheme-theoretic intersection 

n F. Since fl is locally principal, TZn\r — J'('C„|r) for n > 1. 

Note that R/K and Rp are equal in large degree, and T/K and Tr are equal 
in large degree. Note also that as for n ^ the rational functions in i?„ define a 
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closed immersion at all points of X \ W, that their restrictions to F C X \ W also 
define a closed immersion for n :§> 0. 

We claim that Rr and Tr are equal in large degree. Before proving this claim, 
we give a lemma generalizing a result of Artin and Stafford. 

Lemma 9.2. (cf. |AS95[ Lemma 4.6]) Suppose, in addition, that there are no 
proper a-invariant subschemes Y of T so that {Ty)/{Ry) is infinite-dimensional, 
and that there are a-invariant ideal sheaves Ii, . . . ,2^ C Or so that T1T2 ■ ■ - Ti ^ 
onT. ThenTr/Rr is finite- dimensional. 

Proof. The proof is similar to the proof of [AS95[ Lemma 4.6]; we give it in detail 
because some of the details are different in our more general context. 

Suppose, in contrast, that Tr/Rr is infinite-dimensional. We first note that if J 
is a nonzero graded ideal of Tr, then there is a graded ideal J' ^ K oi T so that 
J = J' /K in large degree. By |Sie09| Proposition 4.10], in large degree J' consists 
of sections of TZn that vanish on some cr-invariant proper subscheme Y of F, and so 
(in large degree) T-p/ J = Ty. As Ry and Ty are equal in large degree but i?r and 
Tr are not equal in large degree, J <^ Rp. 

Thus Rr and Tr have no nonzero ideals in common. By induction, we may 
assume that £ = 2. Let Zi and Z2, respectively, be the subschemes of Y defined by 
Ii and I2, respectively. Let A4 := £|r and let B := B{r, M, a). For i — 1,2, let 

if, :=0i?"(F,Z,A^„)z"CB, 

n>0 

and let Mi Ki n Tp. Note that the Ali are two-sided ideals of Tr. As Xi is an 
Oz2-n'yodule, the right and left actions of Tr on Mi factor through T2 :~ Ty/M2. 

Now, Tr is noetherian and so Mi is a finitely generated left and right Tj-module. 
Let i?2 [Rr + M2)/M2 C T2. By hypothesis, R2 and T2 are equal in large degree. 
Thus R2 is noetherian, and both Mi and N :— Rr Ci Mi are finitely generated left 
and right i?2-modules. Let N' :— T2NT2 C Mi. This is a finitely generated R2- 
module; since R2 and T2 are equal in large degree, iV' and N are also equal in large 
degree. 

There is thus some uq so that N>no = ^>no ^ ^'^^^ right T2-module. That 
is, N>no is an ideal of Tr. As N>no ^ and Rr and Tr have no nonzero ideals 
in common, iV>„„ — 0. 

Since {Rr)>no H Mi = 0, we have an injection (-Rr)>no ^i. This implies that 
the map defined by the sections (i?r)n of A4n factors through Zi for n > tiq, and 
so is not an embedding. This gives a contradiction. □ 

We return to the proof of Theorem 19.11 We show that Rr and Tr are equal 
in large degree. By noetherian induction on F, we may assume for any proper 
(T-invariant closed subscheme K C F that Ry has finite codimension in Ty. 

We first suppose that F is reducible. Let k be such that cr'^ fixes all irreducible 

ffc) (k) 

components of F. The hypotheses of Lemma 19.21 thus hold for i?p ' and Tp ' . 
Applying Lemma [9T2l we see that T^^ /R^^^ is finite-dimensional. 

We show that this implies that Tr/Rr is finite-dimensional. Let Tn ■= 7?,„|r, 
and let 

^ ■= ^^{^n)cr" ■ 

n>0 
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The noetherian property of T descends to the Or-bimodule algebra JT, and so T 
and its Veronese are noetherian. As the restriction of an ample sequence to 
a cr-invariant subschenie, the sequence of biniodules {(.Tvfe)^!^ }r >o is left and right 
ample. 

Recall that J = XnCr C Or- Let M /:|r- Fix < « < A: - 1, and let 

Let M := {C^ )|r. The sheaf JM~^ on F is invertible, and so the submodule 
lattices of the right JFC^) -modules V and 

7l>0 

are isomorphic. In particular, "P is a coherent right ^^'^^-module. 

Fix no so that if n > i + nok, then (i?r)n generates Vn- Let ni > tiq be such 
that 

generates V>i+nok as a right ^''^^ -module. Then for r > ni, we have 

"1 

By Lemma [7731 for fixed ^ and for r ^ 0, we have 

(k) (k) 

Recall that and Tf' are equal in large degree. Thus, by taking r 3> 0, we 
obtain that 

{Rr)i+rk C (Tr)j+rfc = ^ (i?r)i+jfc('7r)(r-j)A; = 

"1 

(^r)'i+jfc(-Rr)(r-j)fe C (i?r)i+rfc- 

Since this holds for < i < k — 1, Ry has finite codimension in Tr. 

Now suppose that F is irreducible but not reduced. Then the nilradical Af of 
Or is a cr-invariant nilpotent ideal sheaf on F; so the hypotheses of Lemma 19.21 
hold for i?r and Tr, with 2i — T2 = ■ ■ ■ = Ti — N . We see again that Ty/Rt is 
finite-dimensional. 

Thus we have reduced to considering the case that F is reduced and irreducible. 
Now, if 17nF = 0, then i?r and Tr are equal in large degree by [AS 95, Theorem 4.1]; 
in particular, this holds if F is a point. If n F is nonempty, and F is a reduced 
and irreducible curve, then Ty/Rt is finite-dimensional by [AS9 5' Proposition 5.4]. 

We have thus shown that there is an ideal K oi T that is contained in R and so 
that iR/K)„ = (i?r)„ = (Tr)„ = {T/K)n for n > 0. Thus i?„ = T„ for n > 0. □ 
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10. The proof of the main theorem 

In this final section, we prove Theorem 11.101 Theorem 11.81 and Theorem 11.111 
We also discuss possible extensions to birationally commutative graded algebras of 
higher GK-dimension. 

We restate our main result. 

Theorem 10.1. Let k he an uncountable algebraically closed field and let R be a 
birationally commutative projective surface over k. Then there is transverse surface 
data E — (Y, M,(f>,£, J-', Q , $), where cj) is numerically trivial, and a positive integer 
N so that 9i T(E). 

Proof. By Corollarv l7.111 there are a positive integer £ and transverse surface data 

D = {X,C,a,A,V,C,n) 
so that X is normal, a is numerically trivial, Ri generates JC, and 

7e(x)W 5^ r(]D)). 

Note that Assumption- Notation l7.1l holds for i?'^^. Let Zn be the base locus of Rnt- 
Let W be the cosupport of AVC. Let 

W:= IJ 0{p). 

pew 

By Theorem 18.201 there are a projective variety Y, a numerically trivial automor- 
phism (p of Y, an ample invertible sheaf on F, a locally principal subscheme $ 
of Y, and a finite birational morphism 9 : X Y so that for n ^ the rational 
functions Rni induce a closed immersion into projective space at every point of 
Y \ 9{W) and so that 9a = (j)9, 9*M = £, and 9*<^ = n; further, set-theoretically 
the base locus of the sections i?„£ C iJ"(y,2'$A^„) is equal to 9{Zn). 

Let A, Z, and A' be the subschemes of X defined respectively by A, V, and C. 
Note that 6* is a local isomorphism at all points in A U Z U A'. Let £ be the ideal 
sheaf of 9{A), let T be the ideal sheaf of 9{Z), and let Q be the ideal sheaf of 9{A'). 

The ideal sheaves £, and Q on Y pull back to A, V, and C respectively. 
Furthermore, by working locally at each point of 9{W), we see that 2<i,£Q C T. As 
distinct points in the cosupport of V have distinct a-orbits, distinct points in the 
cosupport of J- have distinct (/)-orbits. 

Let 

D' {Y,M,^,£,T,g,<^>). 

By construction, n{Y)^^^ = T(D'). We check that the data D' is transverse. It fol- 
lows from the corresponding statements for X that {(/)"(^?(Z))}„gz, {(/)"(6'(A))}„>o, 
and {(/)"(6'(A'))}„<o are critically transverse, and that for any reduced and irre- 
ducible r C Y, the set {n \ (/)"(r) C $} is finite. Since $ is locally principal, by 
[Sie09l Lemma 3.1], {(/)"<I>} is critically transverse. Thus D' is transverse surface 
data. 

We have seen that for n 3> 0, the sections in Rni define a closed immersion at 
all points of F \ 9(W). Theorem 19.11 now implies that there is some /c > 1 so that 

Rne = Tn 

for n > k. Thus if E is the surface data given by Lemma [6. Ill so that 
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then E is transverse and 

as claimed. □ 

Theorem 11.101 follows directly from Theorem 110.11 

Proof of Theorem \1.8[ By Theorem llO.il we may replace R with a Veronese subring 
so that there is transverse surface data D = {X,C,a,A^V,C,H) with R = T{U). 
Let C := {V : JnA). Let 

F := {X,C,a,A,V,C',n) 

and let S := T{W). Note that R>i is a left ideal of S. By [Sie09l Corollary 4.7], R 
and Is(i?>i) are equal in large degree. 
Now let A' ■.= iV: C). Let 

G := (X,£,a,y^',2?,C',0) 

and let T := T{G). Then S>i is a right ideal of T, and applying [Sie09l Corol- 
lary 4.7] again, we see that S and It('5'>i) are equal in large degree. The pair 
{A',C') is maximal with respect to 

A'C C V. 

If P = Ox, then T is a twisted homogeneous coordinate ring. If 2? is nontrivial, 
then T is an ADC ring, as defined in the introduction, and R is in large degree 
equal to a left idealizer inside a right idealizer in T. □ 

We prove one corollary of Theorem 110.11 Recall that a noetherian connected 
N-graded algebra R satisfies left (right) Xj if) for ^tH i < j, and for all finitely 
generated left (right) graded i?-modules N, the groups 

lim Exi'ji{R/R>n,N) 

n — ^oo 

are finite-dimensional. If R satisfies left and right Xj for all j, then R satisfies x- 

Corollary 10.2. Let R be a birationally commutative projective surface. The fol- 
lowing are equivalent: 

(1) R satisfies left X2; 

(2) R satisfies right X2; 

(3) R satisfies x! 

(4) Some Veronese R'^^^ is a twisted homogeneous coordinate ring B{X,C,a), 
where C is a-ample. 

Proof. For any k> 1, i? is a finitely generated left and right iJ^'^^-module, by |AS951 
Lemma 4.10(iii)]. Thus left or right Xi hold for R if and only if they hold for R^''\ 
By Theorem llO.il for some k we have i?'^*^) = T(D), where D is transverse surface 
data. The four conditions are equivalent for r(D) by [Sie09[ Theorem 5.9]. □ 

Theorem 11.111 follows from Corollarv ll0.2l 

To end this chapter, we make a few remarks on a possible extension of Theo- 
rem 110.11 to rings of higher GK-dimension. One class of rings one would like to 
understand are what we will call for purposes of discussion GK 5 birationally com- 
mutative projective surfaces: that is, connected N-graded noetherian domains R 
whose graded quotient ring is of the form 

K[z,z~^-a] 
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for some field K of transcendence degree 2 and geometric, but non-quasi-trivial 
automorphism a oi K . (Recall from Theorem 13.11 that such a ring must have 
GK-dimension 5.) The results of [RS06' on algebras generated in degree 1 apply 
also to GK 5 birationally commutative projective surfaces. We conjecture that 
Theorem 110.11 extends to algebras of this type that are not generated in degree 1. 
To make this extension would require modifying proofs in the current work that 
use the hypothesis that a is quasi-trivial. 

This hypothesis is often convenient, and is sometimes essential to our proofs. 
We have not been able to construct alternate proofs for all results that rely on 
quasi-triviality. It appears, however, that one can use the Kodaira classification 
of surfaces to show that there are limited possibilities for defining data of GK 5 
surfaces. This work is ongoing. 

There are also GK 4 finitely N-gradcd subrings of if [z, z^^; cr] for appropriate K 
of transcendence degree 2 and a G Autii5(/v). By Theorem 13. 11 for these algebras a 
is not geometric. Rogalski and Stafford conjecture |RS06| that these GK 4 algebras 
are never noetherian. Proving or disproving this conjecture is an interesting and 
delicate question; if some prove to be noetherian, one would presumably hope to 
classify them, as well. 

Finally, one can ask whether some version of Theorem 110.11 works for higher- 
dimensional varieties. To begin to answer this question, it clearly makes sense to 
work over C and to work with automorphisms a that have a projective model X 
on which they are quasi-trivial. By Zha08, Lemma 2.23], this is equivalent to 
assuming that some power of a lies in Aut°(X). 

To try to extend Theorem 1 1 . 1 1 to this context, one has first to understand naive 
blowups at higher-dimensional subvarieties. What transversality properties of the 
movement of a surface under an automorphism of a 4-fold ensure that the corre- 
sponding naive blowup is noetherian? Assuming that these questions are solved, 
one would then need to modify the many proofs in this paper that depend on the 
fact that X is a surface; for example, we constantly use the fact that by definition, 
the base locus of the sections in i?„ must be 0-dimensional, since the correspond- 
ing invertible sheaf is defined as a minimal object. Similar problems would arise 
in using the techniques of [RS06| . since their proofs rely on Castelnuovo-Mumford 
regularity techniques that require low dimension of the subschemes one is blowing 
up. So far little is known about these interesting questions. 
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